3

V.

For the best experience, open this PDF portfolio in
Acrobat 9 or Adobe Reader 9, or later.

Get Adobe Reader Now!



http://www.adobe.com/go/reader


METU
Department of Mathematics

crone Calculus II List No.
MidTerm 1

Code : Math 120 Last Name

Acad. Year : 2004_2005 Name : Student No. :

Semester  : Spring

Instructor : Department : Section
Signature

Date : April 2nd, 2005

Time 2 09:30 5 QUESTIONS ON 6 PAGES

Duration @ 120 minutes TOTAL 50 POINTS

" [ [ | | | soLuTioN KEY | ﬂ]

Question 1 (10 pOintS) Find the radius of convergence and interval of convergence

nn

X

of the series Z —
— \/n —|— 1°

Solution:
n 3n+1 n+1 / ) 1 1
limM:hm 2] .yt =3|z| lim nt =3|z].
n—oo |an| n—oo 1/n+2 3”‘1’|” n— oo n+2

So if 3| z |< 1, by ratio test the given power series is convergent.

This gives | z |[< 1/3,s0 R =1/3.

For the interval of convergence, we must check the end points.

If v =1/3:
;::O Vn+13n :nz::o Vn+1
— =D ;
Un = o7 18 alternating,
1
* 0

. . A
o lim, . a, =lim,_. E/% =Y,

\an+1\ _ Vn+4l1 _ n+1
\an\ n+2 n+2

<1, so | a, | is decreasing.

So by AST, the series is convergent.

If o =—-1/3:

o0 77,

X T - S

[e.e]
Z 7 is divergent by p—test, so the above series is divergent by limit comparison.
n

So the interval of convergence is I = (—1/3,1/3].





Question 2 (10 points)

1
Consider f(z) = 152 k > 1 an integer.
a)Find the power series expansion of f(z) in powers of x.

Solution:
Since
1 o0
= Z(fl)”x” for all |z |< 1,
14z =
we have;
1 oo
n,_.nk
P =2 (-1t
14z =

b)Use the series in part (a), to expand g(z) = x arctan(z) in powers of z.

Solution:
x 1 xr OO e 1.271-&-2
g(x) = zarctanx = x/o mdu = x/o nz::O(—l)"uQ"du = ;(_1)n2n 1 for all |z |< 1.

c)Find the expansion of h(z) = V& + 1 arctan(v/z + 1) around a = —1. Indicate the interval

of convergence.

Solution:

oe) 2n+2 %)
o @+ 1)V (D" (@ + 1)
h(x) = Va + Larctan Vi + :;(—1) B D Dl forall |z+1|< 1.





Question 3 (9 pOintS) Determine whether the followings are convergent or divergent.

Show tour work.

= (n!)?
a) T;) EQn))!

Solution:

(n)?
(2n)!"

We apply ratio test, with a,, =

? 1) 2n)! 1 1
lim 2L = Jim (n)*(n +1) RCIOLN R N
n—oo  Qy, n—oo (2n)!(2n+1)2n+2) (n!)2 n—2(2n+1) 4

So by ratio test, the series converges.
= 1
b -
)2 7w
n=0
Solution:

We have;
1 1
<

1 n
O3z =3 -G

ZZOZO (%) is a geometric series with r = 1/3, so it is convergent.

Therefore, by comparison test, ZZOZO ﬁ is convergent.

1 1
c)Approximate — with an error less than 19"
e

Solution:
We have;
S
EDD ol
n=0
Then;
1, & (=) 11 1 1
Z — —1—-14+ = -4 - _ =
e © n;) nl M TR TR
Since the series is alternating;
1 1
E,(l)=— < —,
(1) (n+1)! 119

which gives n + 1 = 5. Therefore;

1, 1+1 1+1_3
e 21 31 418





Question 4 (9 points)

oo oo
a)Prove that for a,, > 0, if Z an is convergent then Z ai is also convergent.

n=0 n=0
Solution:

oo
Since Z an, is convergent, we have lim a, = 0. This implies that there exists N € IN such
n—oo
n=0

that for n > N, we have 0 < a,, < 1. So for alln > N, 0 < a2 < a,.

oo oo
Since a,, is convergent a? is also convergent by comparison test
n vergent, n Verg Y P .

n=0 n=0

b)The term of a sequence are defined recursively by the equations
dn+1

5n + 2

ay =2, apt1=( Yan. Is ()52, convergent? (explain, and if so what is the limit?)

Solution:

o0
Consider Z an. We have a, > 0. Apply ratio test to this series;
n=1
Gn+t1 . dn+1 4

li =1 =_-<1
nl—{lgo an ngr;o 5n—|—2 5

So by ratio test, the series converges. This implies lim,, ., a, = 0.

¢)Give an example of a power series which is convergent in (1,5), and divergent on
(—00,1) U (5,00). (No condition at x =1 and = = 5)

Solution:

o0
Consider, E an(z —3)"™; a power series around 3. We want the radius of convergence to be
n=0

1
2. So we want lim lania | =,
n—00 | A, ‘ 2

1
Let a,, = on then we get the desired limit and interval of convergence. So

oo

x—3)"
Z( 2n)

n=0

is a power series satisfying the conditions we want.





Question 5 ( 12 points)
a) Find all vectors v that satisfy the equation (— 042 ; +3 ;)x V=4 +5 ; 3k

Solution:

Let v= (a,b,c¢). Then we should have;

i
(-1,2,3) x (a,b,¢)=| =1 2 3 |=(2¢—3b,3a+c¢,—2a—b)=(1,5,—3).
a b ¢

This happens if and only if —3b+ 2¢ =1, 3a + ¢ = 5, and —2a — b = —3 which gives

—

U=t +(3-2t) j +(5-3t) k forallteR.

b)Show that the four points A(1,2,—1), B(0,1,5), C(—1,2,1) and D(2,1,3) are coplanar

(i.e. are on the same plane).
Solution:

Let the three vectors Z, v and w represent the three segments AB , AC and E, respectively.
Then u= (—1,-1,6), v=(—2,0,2) and w= (1, —1,4).

The four points are coplanar if the volume of the parallelpiped spanned by the three vectors
is 0;

=-2-10+12=0.






c)Find the distance between the lines
L4 : intersection of the planes (z + 2y = 3 and y + 2z = 3) and
L5 : intersection of the planes (x +y + 2z = 6 and © — 2z = —5)

Solution:

L; contains the points (1,1, 1), (3,0, 3/2), so it is parallel to the vector (3,0,3/2)—(1,1,1) =
(2,—-1,1/2), so it is parallel to the vector u;= (4, —2,1).

Lo contains the points (—5,11,0), (—1,5,2), so it is parallel to the vector (—1,5,2) —
(—5,11,0) = (4,—6,2), so it is parallel to the vector Uy= (2,-3,1).

Using the vectors 71= (1,1,1), 7o= (=1,5,2), u1= (4,—2,1) and uy= (2, —3,1) we find

the distance:

— —

d—= | (rQ - rl)'(ﬂl X EQ) | o | (2774371)'(1772378) | 18

|E>1XE2| B |(17_2’_8)| _\/@
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Question 1 (10 points) Show that for any tangent plane to the surface vz + \/y +
Vz=+/a ,(a>0) the sum of z,y, and z axis intercepts is constant.

( xg is called z intercept if the graph intersects x axis at the point (zg,0,0). )

Solution: Let f(z,y, 2) = \/z+,/y++/z—+/a then the surface , S, is given by f(z,y, z) = 0.
Let the point Py(zo, Yo, 20) € S be the point of tangency. Then

flz,y,2) = 1{’—&-1_}—1-11;

—

and hence
1 - 1 - 1 -

1+ + k
NN NG

is a normal vector to the tangent plane. Therefore, the equation of the tangent plane is

it = f (@0, 40, %0) = 5

obtained as

(2 —20) + =—(y— y0) + —
Tr— —(y — —
2‘/(E0 0 21/y0y Yo 2\/20

(z—2)=0.

Now,

x—intercept is obtained, for y = 2z = 0, as: (y/Zo + /Yo + v/20)v/Zo

y—intercept is obtained, for x = z = 0, as: (y/Zo + /Yo + v/20)\/Jo

z—intercept is obtained, for x = y = 0, as: (\/To + /Y0 + v/20)+/Z0- Therefore the sum of
intercepts is:

(Va0 + Vo + Vz0)* = (Va)* =a

which is a constant.





Question 2 ( 12 points)

3

Consider the function f(z,y) = if (z,y) # (0,0), f(0,0) =0. Show that;

x
l'2 + y2
a)f is continuous everywhere

Solution: We need to check only continuity at the point (0, 0).

3

- Z'2+y2

xz.x

2 + 2

< |l

so by the squeeze theorem, we have

T 0= £(0,0)

I = lm -
(z,y)lin(o,o) f@y) (z,y)lgl((),()) 2 + 92

meaning that f is continuous at (0, 0).

b)all directional derivatives of f exist at (0,0), using limit definition of directional derivative

Solution: Let @ = ai + bj with a® + b2 = 1. Then

f(ah,bh) — £(0,0) ah®/[h?(a® + b)) — 0 3

Daf(0,0) = lim, h s h =
which completes the proof.
c)f is not differentiable (0,0)
(h,k)—(0,0) Vh? + k? (h.k)—(0,0) \/hZ + k2
3
—h

R ER2

lim ———
(h,k)=(0,0) V/h? + k2

along the line k = h we have
. —h/2

lim ——
h—0 /2| h|
which does not exist. Hence, f is not differentiable at (0,0).

d)find the set of all vectors ¥ for which the equation Dz f(0,0) = V f(0,0) - ¥ is satisfied.

=i

Solution: Let ¥ = v17 + v2j. Then, by (b) we have Dzf(0,0) = v¥ and /f(0,0) =
Therefore, ﬁf(0,0) - = v1. Now, the required condition is v; = v} which gives us v; =
0,v1 = *£1. For, v1 = 0 we have vo = £1 and for v; = £1 we have vy = 0. Thus, the

directions are +i and +7.





Question 3 (8 points) Let z = f(z,y) = /20 — 2 — 7y2. Use Tangent Plane Ap-
proximation to approximate f(1.95, 1.08).

Solution: We have

—x —Ty
+(T,Y) = —F/——, y(T,Y) = —F/——.
fol:9) V20 — 2% — Ty ful@.y) V20 — 22 — Ty?

So fz(2,1) = —2/3 and f,(2,1) = —7/3. Therefore

£(1.95,1.08) = f(2,1)+ £.(2,1)(1.95 — 2) + £,(2,1)(1.08 — 1)

= 34 (—2/3)(=0.05) + (—7/3)(0.08)
0.1 —0.56

= 3
+ 3

Question 4 (10 points) Given that the function z = f(g, g) has continuous partial
T

derivatives in the neighborhood of the point (z,y) = (1, —1) with
AL -1 =2=f(1,-1),  fi(l,=1) = =2 = fo(=1,-1),
fu(=1,-1) =6 = fi2(1, —1), ful,-1)=8=f ( ,—1),
fi2(—1,-1) :2—5:f21(—1,—1), f22(1,—1) =1 = foo(—1,-1).

0
Find 212 = ng at the point (z,y) = (1,—1).

Solution: Let s = x/y,t = y/x then (z,y) = (1,—1) gives (s,t) = (=1,—1) and 2z =
f(@/y,y/x) = [(s,t). Now,

0z  0z0s 0z 0t Y
Zl—a—%%"‘ 9t o *fl( t)— ﬁfZ(Sat)-
Similarly,
o [1
= o[G0 - LA

Os

-1
= ?fl(sﬂf) |:f11(3 t)a

+f12 s, t :|

_%fé(sat) ) {le(s,t)a + faa(s, t)g }

- SR+ [fn(s 0%+ falsn 1]
_;12f2(8ﬂt) |:f21(5 t)y +f22( ) ]

Put x =1,y = —1 to get

—fi(=1,=1) = [= fir (=1, =1) + fia(—1, =1)]
—fo(=1,=1) + [~ far (=1, 1) + foa (=1, —1)]
= 17.

2’12(1, —1)





Question 5 (10 points) Use the Method of Lagrange Multipliers to find the least and
greatest distance between the origin and the ellipse 1722 + 122y + 8y? — 100 = 0.

Solution: Let the point be (x,%) then the distance is d = /22 + y2. Now, we define

L(z,y, \) = 2% + v + M\(172% + 122y + 8y* — 100)

oL
o 2z + A(34z +12y) =0 (1)
oL
— = 2y+A12z+16y) =0 (2)
dy
oL
- 172% + 122y + 8y? — 100 = 0 (3)
From the equations (1) and (2) we write A\ = ﬁ and A = 6x_—&—y8y’ respectively.
Equating them and performing cross multiplication we get
222 — 3y — 2y? = 0. (4)

Multipying, (4) by 4, and adding with (3) we obtain, 2522 — 100 = 0 or x = 42.

For x = 2, (4) becomes 8 — 6y — 2y? = 0 which has the roots y = 1 and y = —4.

For z = —2, (4) becomes 8 + 6y — 232 = 0 which has the roots y = —1 and y = 4. Therefore
we have P1 (2, 1)7 P2(2, —4), Pg(—2, —1), P4(—2, 4)

Therefore, the least distance is V5 and the greatest distance is 2v/5.
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Question 6 (10 points) Find and classify all the critical points of the function

1
fla,y) = 51‘3 +ay? —z.

Solution: We first find the critical points:

filz,y) =2 +y*—1=0
fa(w,y) =22y =0

(5)
(6)

The equation in (6) gives us x = 0 or y = 0. If z = 0, (5) implies that y = +1 and if y = 0,
(5) implies that = 1. Therefore, we have P;(0,1), P»(0,—1), P3(1,0), P4(—1,0) as critical

points.
fu(z,y) =22,  fio(w,y) = fo(z,y) =2y, forlz,y) =22
2r 2
A= Ji1 o fie _ T2y :4(x2—y2)
for  foo 2y 2z
and
A(Py) = —4 < 0so P, is a SADDLE point,
A(P;) = —4 < 0so P, is a SADDLE point,
A(Pg) =4 >0 and fll(PS) =2>0so0 P3isa LOCAL MIN point,
A(P4) =4 >0 and fll(P4) =-2<0s0o Psisa LOCAL MAX pOiIlt.
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Question 1 (15 points) Let R be the region in the first quadrant of the xy—plane
bounded by the curves xy = 4, xy = 8, xy® = 5 and zy>® = 15. Evaluate the double integral

//xy?’cos(:vy)dmdy
®






Question 2 ( 15 points) Consider a sequence {a,} such that a, > 0 for all n > 1,

a a
lim —F = 2 and the series Z 2—2 diverges

n—oo (A

oo
a)Determine the interval of convergence (with end points) of the series f(t) = Z ant™™.
n=1

b)Determine the largest open domain in R? in which the function g(z,y) = f(z) + yf(y)
has a differential.

c)Show that the only critical point of g(z,y) is the origin.

d)Determine the nature of the critical point (0, 0).





Question 3 (15 points) If C is the intersection of z = In(1 + z) and y = = from

(0,0,0) to (1,1,In2), evaluate / [(2zsin(my) — e*)dx + (mx? cos(my) — 3e*)dy + ze*dz]
c





Question 4 (15 points) Find the absolute extrema of the function f(x,y) = zye * ¥
on the triangular region with verticies (0,0), (0,4) and (4, 0).
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Question 5 (15 points) Using Implicit Function Theorem show that the equa-
tions u = 22 — y?, v = 2zy define = and y implicitly as functions of u and v for values of
(z,y) near (1,1). Find % at (u,v) = (0,2).






Question 6 (15 points) Find the volume lying between the paraboloids z = z* + y*

and 3z =4 — 2% — ¢%





		Math 120 2004-2 Midterm-1  Solutions

		Math 120 2004-2 Midterm-2  Solutions

		Math 120 2004-2 Final Solutions
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Question 1 (44+4+4=12 points) For the series Z (3:5 2" (3(x+ 3 ))ﬂ
a)Find the radius R of convergence o _ﬂ NP
=7 2 (x- L'%-)) '§ @ poverseie
A asy VA pcound =72
L TG S, A
a0 Gl aa® ARy 3 7% \/u%\ﬁ/

Byad| A Bz sved)

W

Guen power Scie T conergend Tf \X+ %\ < 1{3

S0 R:i/_ﬂ)

b)Find the interval I of convergence

U1 . W3 N

\— /
N ..2_/3 -3 N . W
00 A ofing gecics 4
. 2 _(:—\-;— GH(((\ 8 WIS ]
e FT (—3—’%-)‘ - L W gz L decceas™ Sorer!
= T a < & (v Al
_,!M ‘L_ = O Jreey |’V+}

axm {A

4
. 2 (3xer) Aoy,
Kot o TG .\[ A S by phet) T = [, -5)

n=L YT

o)If f(x) = g (3“'";;)", w € I, find 2006 derivative f@:“ﬁJ(%z) o lf‘\ R
) 5:‘“3('-1[1) “ »""*Z‘ {___'_':/‘_3_}()(*%)
g(*\ = L. )t = x+« 3) 5C5)+ ol
N=0 n‘ o Nz t
¢ ___, nopt
T 28 Ly
OGA] = =t V(\ \





Question 2 (4+4+4=12 points)

For each series below determine whether it is: absolutely convergent, conditionally conver-

gent, or divergent. You must verify your answers, state any theorem you use.
o0

a) Ze“", where Z 2, 15 convergent
n=1 n=120 N deram teik ‘e.m Qa= O
e T on 16 O Ly © e e {3
Ko Qa CT7
Cn Ao o b /
e o - @ - e=4 4097 }
= Aa - d',vc_(jtl‘
N e ;" Z e '

e¥ise onfineo~)

cos(n) +e”" 3
b);n?’ 2n+4 "';\ I/’q\} 2
o \‘é \ c
= 03'1‘\*"1 lﬁg,ﬂﬁ-{"-f!
_ 2 - Y
7 n'l..Q"\'f"J
goc boege 5. ) b L Competism f&"
o oo Llon Vs @V 7 )
S0 yp= e 52’ At T b g o/ eryen \
N0 (3 cot - b
- N (‘{,9/\’\\-0})
Treegore ) cogtt\ £ & 1o QosAlely convenys (g e
ad-20+ 4

=1
9 2w i
A BN YRR oAV od oA ,

Ad £00 7 ey . oo ¢ 0 oslu#)
d Xl 1y §0F _L“ ’ )/élnbn)l

oK gM\ on [2,00)

3) A ,Lr- = O
grs v s ) = ’(3-(1- dx 7 CONREGN
i, ﬁm{i‘} L°£\~fcf3<:\-\- \’jr or\.\ d“\a U[ jz‘x‘nx "
(A3
800 . 4dx = Jw\ SC' ,-\—-—- d'ﬁ ;,-'\m ) Jﬂ;ddsj-:«oo -(r\lbl‘
X tnx ca® 2 X Rayx C 0 ! |
i AR ‘Q:\(jf\c-)" altat
\y & ‘ef\* i J'M _‘Q(\ (,\,\xX\ -
Q\J\A', i-o‘x - ol 2 N
c\jufzb't\-\
Aﬂ\Q_— ,Z f_bhl/\) (3 é,'..\_)(_{ jtl‘J-\”‘v

nzt





Question 3 (6+6=12 points)

x = 1+t r = 2-—4s
LetL1={y —-9+2t teR and La=4 9y = -8 s€R

z 5—t z = 1+4s
a)Find an equation of the line L which is perpendicular to both L; and L; and passes
through the point of intersection of Ly and L.

/Pﬁﬁi)// t . 2 HKQ‘&L\
\—71 Uuqf") |

©
b (2,0, £,
PO T S ] |
:\/17\1:\\ 2 ‘\\:"(2’\3"5(\‘Q)*\\("\*&): (A’JBJ?)
e A
=Ll ‘*t‘z"’“g 5")}@ P=(6.,0)
~9rat - -5 tz 5

. Xz 6 + 44
Y=z 4 434 telk
2_-,0—&—1‘{

b)Find the distance between the line L; and the plane containing the point P(1,1,1) and
the line Lo

- T3 X
Ny K -
k) L‘ ()\// lex ‘P,_PQ): \-\H -1 i \

\ L\

23 () -5 A8

= (-t -l "'5)
Mok Ahad L

a.\!\:( a,esYe (Vg ) =t -5 2

3 0O
8.0,z (-1, 1, 0) 0 3 x0 » LKkE > (aF2d
= dkg'\()(\ﬁﬂ_ 6 TLO

/5‘“9\‘6 ot Pack (o) X ca\t& L d dr inhards ot
f”(é.l.e). Henw distma, s .g(_ro)





Question 4 (44+4=8 points) Determine whether the following limits exist:

. (z-1)(y—2)
a) (w,y%l—-m(l‘z) (2 —1)2+ (y — 2) = Lo ')in—{
(x-(0,0) X749
1
olony W= 0o ol X depends oa m

2 m
A0 )\1-tmx1 b

<o itk daes Qj{\\ exzey

xy®
b) lim —2
) (z.4)—(0,0) 2 + 2

i el 31 =) ba Squeu'-f}j (u‘{ﬁj

X
i X«rg\ WS xtagt \' : domn | segd) = O
al (%4)307) (x.)1%0)
o - hentce
dom £XP= O

(X) 2 (2)

2 .
Question 5 (6 points) Find an approximation of f M2 4z with an error less than
0 T
1

—_— \
1000 0o C'\;\ XL“‘*’ n)( Z (- \) X VXGI/{
cax = &= P A2 g eR 2 > = @M\)\
Nz O (20+n)Y
204N ¢l %o ¢ ‘\ﬂ 20x)

1 -
=) S 5““ dyx = Z,. (_"D__.-z(--- b ’Z— \

o J“ 0z © (gm—\\ (Q_l'\-rl)\ [\ = O (_1(\-\")(1“*\) s

3 Ly 7
X 2.2 2 _ 2

,\ s s§b 3.3)
9 -3
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Question 6 (54-5=10 points) Let f(z,y) = { ”ay l; T#Y
if x=y
a)Compute f,(0,0) = ?(0,0) O
P 2
Am g({}o)_{F(O,Q) . Ao ,,__—‘.‘E"-_.-———-—- = ’IM 1 =1
17D ,t 1= O {' $- 0O

Thet { 10,0)= 1

b)Is f.(z,y) continuous at (0,0)?

2 (x-9) - (x3-297)
TR 4 hen fo (x.9) = —

(k=432
Thes 2 2_2x3
| - A+ 29 -
oz A x23 770
x-9*
1 1.1 »
SIS I WA S S0 R
(X)) (O ) Y=y O (X -y
olong 4= MX 9 mM
O e ) ) | 1pai

Lo W " em )t
:‘?‘%Q );/(_ PRy

Dt does n,q"L exs1.
0 7’\ (an‘l.‘n“Q“"j C)+ /0, OJ

d(()(ﬂJf o'\r m

R

Hene §X (xgy
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Question 1 (8 points)
Find the set of all points on the ellipsoid z? +2y% +42% — 12 = 0 at which the tangent plane
to the ellipsoid is parallel to the plane y + z = 120.
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Question 2 (4+4+6=14 points)
Let f(u) be a differentiable function with f(1) =1, f'(1) = 2 and g(z,¥) = :cf(x%).
a)Compute g.(1,1).
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b)Find a vector v in the zy—plane such that h(z,y) = 2z* — 6zy + 3)” increases most
rapidly when (z,y) moves along v starting at (1,1) .
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Question 3 (10 points)
a)Find all critical points of f(x,y) = 2r% — 6zy + 3.
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b)Classify all critical points of f(z,y) = 227 — 62y -+ 3y as local maximum, local minimum
or a saddle point using second derivative test.
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Question 4 (8 points) Using Lagrange Multipliers Method, find a point of the surface
zyz =2 that is closest to the origin.
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Question 5 (10 points)
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Question 6 (10 points)

Let R be the finite region, bounded by the line y =  and the curve y = z*. Find the volume
of the solid over R bounded from below by the zy—plane and the graph of f(z,y) = zy.
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Question 1 (10 points) Evaluate f’ (=10y322 + cos(z?)) dz + (3z° + 15y x +sin(y?)) dy
c

where C is counterclockwise oriented perimeter of the region bounded by y =z, z =0, 24y =4
in the first quadrant.
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Question 2 (6+10=16 points)

a)Determine whether the following series is convergent or divergent. If convergent, find the
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b)Find the radius R and interval I of convergence of Z E(m —1)*
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Question 3 (4+4+4=12 points) It is given that F(z,y) = (P(z,y), Q(z,y)) where
P(z,y) = €*sin(y) + 2y, 4 Y :
Q(z,y) = e cos(y) + 2z — 2y and

C, is the curve from the point (1,0) to (1,2) as in the figure:

a) Prove that P dz + Q dy is exact (that is (P, Q) is conservative),
by finding a potential function ¢(z,y) such that ¢, = P, ¢, =Q.
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c)Evaluate P dz + Q dy where C is the line segment from the point (1, 0) to the point (1,2).
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Question 4 (10 points) Find the volume of the solid bounded by the paraboloid

z=9—z° —y? and the plane z = 5.

Question 5 (10 points) Let F(z,y) = f(z*y + z,3x — y*) where f is a known con-
tinuously differentiable function. Find Fy; in terms of partial derivatives of f. {u$ - 2x ‘3 A+
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Question 6 (12 points) Find the absolute maximum and the absolute

minimum of the function f(z,y) = z% + y* — 22 + 4y + 6 on the domain

D={(z,y); *+y° <8 z>0}
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Question 7 (10 points) Find an equation of the tangent line at Fy(1,-1,1) to the curve of
intersection of the surfaces z2 +3° = 2 and 3* + 2* = 2.
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Question 8 (10 points) Find / z? ds along the line of intersection of the two planes
C
z —y+2z=0and z+y+ 2z =0, from the origin to the point (3,1,-2).
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Question 1 (2+2+2+42=8 points) Give an example{no explanations needed) of

o
a conditionally convergent series: Z {- \‘j
——
149

a divergent series Zaﬂ where {a,} is a bounded sequence: Z 2.0 ) Z 5"1‘

- o o
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Question 2 (10 points) Find the radius of convergence R and the interval of
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Question 3 (74+3=10 points) Let f(z) = =——
a)Find the Maclaurin Series (Taylor Series around 0) of f(z). What is the interval of
convergence(dc not forget to check the end pomts)'T’
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Questlon 4 (5 pOlntS) Find the sum of the convergent series Z = 1)
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Questmn 6 (5 p01nts) Find an equation of the plane passing through the points
P(1,2,3), —~3,0,5) and Py(2, 1 0)
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Question 7 (5 points) Find the distance between the plane z + y = 3 and the line
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120 — ¢ t € M. Give explanations.
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Question 8 (44+444=12 points)

Determine whether the followings are convergent or divergent. Give explanations
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SHOW YOUR WORK I I

Question 1 (5+5=10 points) Find the following limit or show that it does not

exist (Show your work):
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Question 2 (5+5=10 pomts) Let f(u,v) be a function with f(—1,3)
fi(=1,3)=2and f,(-1,3) =

a)Let g(z,y,2) = f(zyz , =? +y +22). Find the gradiant vector Vg(1,—1,1)
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(x4:2)
VAN o = §, (0,%) D D)+ § (0] Vi (R
\f‘—

- 2.\ ¥ (-3) (2

XWX x 32

(3)"3 = Sa Uy ~ gg_\S% ‘5(2-)L\) 4 (-3 )6—2)—;
Va9t =Y (-, =~

£2x6 =8 (.3) (1)
o = \ z 1)) ¥ L
Vy=x% AU\al\ \\: 3%7 Q‘“it%’l’\r‘t (
Uz ;xg‘but“'\‘ = -\ - _1-6-2—73
Vo2 A V% (\,AN) = 2' y
v E2Y — VoY = \-q%(\ a0 = L3, g,-37
Vp=2% =V loh) =2

e

b)Find an equation of the tangent plane to the surface f(zyz , =2 + y* + 2%) = 0 at the
point (z,y,2) = (1,-1,1).

\j//Vﬂ\U.'\ N={-3,8,-3)

iy A) 7 fIUN) =
nl-l),-1)
GL—> (xy,

0,+1,1) (x4.2) € 77

(x-1,9+%, 27 « AN
l—x«-j' = :"‘:Z)






Question 3 (10 points) Find and classify ALL critical points of
f(z,y) = 2%y + zy® + 3ay.

gx; 2}3_\_31.4.5% =0 - 3(2x+\5+3): Q
xtaxy+3x 7 x (2yrx+3) = O

39 =

Xz © (x.3) =10, 0

_

7 > \53(:-'3:\]{)‘\:\): (-3, 0) |

\33:*_@ 2D Q.X‘\-j«-'S:Q = Nz -2x-3

D A (YX-6+4x43) =0 =) x(-3x-3)= 0O

. X=Q a3y = "3 =)
ALL cedscal pOINT s y

The st 4 \ LXQ\): (9-3)
2(0,0\) ('3,0))(0,‘3)) (",")} X4 Q=) -5%x-3= ©
= X=-\ = Yy:=-!
To Classify Anem - .-_@; (~\, )|
g’;x = 2 é ﬁ\ 1+
%yj - AX f23f3 A: »S»XX gjj - g-y.a

3 ant
ot (8 o) A O-9<0 = (0, ©) i a Saddle P%A

N = O—9<O‘-§ (01'3) I e

2) :
X (0-3 \ o_0<0 S 3,0} - - - — -
a% (-30) ] 140D
As 4 ) =350 & $s1°
at (-\,-Y) i Do\ MAX.

(-\, )<y @






Question 4 (10 points) Find the MAXIMUM and the minimum values of
f(z,4,2) = 2%+ yz — 5 on the sphere 22 + y? + 22 = 1.

Maxii2e. /mine e § (x4.2)= X TS5
s ek As (X A7) = X Loy toy =

o

Vse )\“3“0(\5t. o \xs ()\‘\t' 5 Mctaed
«r  Jf =AYy
§, = ng\ Z)‘(f 2A% 7 Cqua'f‘ _
4 = 84y 2 L2y ty unknons

$2 =z 893 ks@lk‘t

x=0
Q2 a2ax(1-A)= o//’ @} NP 4\@%!\

J
%40 @, . g9 2 ux = 2707

-3 - L— - - - :-"'l‘-—
9(0)}':’(.,§—’5§(0) é—:-(i}’ -}, S
9(0;‘\('3_) G/\$ ng) ) (\,3 2
§(5\,0,0) =\-°>= "7

- -~ = W\
MoK =-4] |n=- |






Surname: ......cccoreenene Name: ...cccevencnnenes j ¢ C s Section: ......cccceeeenn
Question 5 (10 points) Let f(x,y) be a function which has directional derivative in

N . . L 1. 1. 1. V3.
any direction at (a,b). It is also given that for @ = \/iz — \/_] and 7 = 51 + ) —7J, the

directional derivatives are (Dgf)(a,b) = 1 and (Dgf)(a,b) = 2. What is the MAXIMUM

V2 "1_ 1/1_

O(;, S(a\\o) = gtam w = \\q&la‘b\“ \\uf | cose

s Maxmum vabe i W Qg tawsll. \M‘»rez whare
Q: g*(q.\\ , 6’: Q-'a(aﬁ’!\

rate of increase of f at (a,b)?

0 \/_)-sfga\m\ (0,8).

. . Ly - a8
;)\-r\-a-'-(\c‘\)%') ()( =

o DL AL8%) = (8,08
) o GQ&
52, » 8% \i_’ﬁ

7 2
~axd - -
66 -4

L’f’* 3 q. o= f’:ﬁ-

L@\-ﬂﬁ;ﬁ =) 65\5\:‘— = § N3+

)_ (‘H’ﬁJ 3)
Thed Vf(“m (/) B« 6«—‘

N3«
'Q(CL'\':A'\‘\\ AA!’NQ‘}?‘IC N

Henwe Aha thaimum vdve ©f 0
)

\\qgt‘ﬂﬁ\\; - (GH-‘G)-\' 3)
3 4
Ya
28+ 8@1
C‘sr\






Question 6 (54+5=10 points)
a)Evaluate / / 2zy dA where R is the finite region in the zy-plane bounded by the

R
parabola z = 2% — y and the line y = z.

T yzayted = 2452470
iy, 2404-0=°
\ - «9:01 3=
X:Qﬂz’%
Ye
I
VY ' 3 - 1 (29t-3)Y 4y
29 0
TR o

=

\ - 4) 4
30\(""3““33)% Ay = 30(.4\3-%_* 4%) L

6 s . -2 44 2 Z
z 'L'% v A % )o =373 |5
2 1 % B
b)Evaluate/O.l/vlkzadxdy = Jj zex JX A‘J = J s 26 dgax
A Q 0 0
A ; ) L \
X
7 / ‘j;\ S\erx‘ldx = € \Q
Jl‘ﬁ{:i 5 X - 0
f
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“ SHOW YOUR WORK I I

T

Question 1 (10+5=15 points) Let F(z) = / i,

0
a)Find the Maclorian Series (i.e. Taylor Series about 0) of F(z). (You may use Maclorian

Series of well-known functions) & ‘tl s a ‘{‘L"\
RE.CC-\\ Ynat e{ = : .:t-- Q{'eff’{ and “!f-ﬂu.. e - z. L-—\'}—'—“-
fag O / ‘
N A=z © 0 t
A ,.{1' ~ A 20
VB g g R e By NN IR
" 0=0 (20m) O,
b) Approximate F(%) with error less than 0.00001.
oo " 4' S
\:(%{,\ = Z_ (1) 1¢ a cor\v(rsm‘l‘ aHerna gt T
e
N o
M )
7 6D ™0\
scalh. L < ,O"OOQDL

~
Qimmﬂ (2 (N 1) (N«\\\_

QN*S(QNrM (M-ﬂ)\. iy 100,006 = st

3 A
= J- _— (,____)__‘________" = .-\'—'—L ’L — J—
( ) r?:;o Z""(Qnﬂ)m. T 24 e 5s326





Question 2 (15 points) Find the minimum and the maximum values of
flz,y) = 322 + 3y®> + 2zy + 1 on the closed disk 2 + y*> £ 1.

Takeriar Qo
Sus 624232 5 & H=-3% St e sdm LG 6D

g by=fr 8 on\y crdical paink oM

B oun oy OO0\ ‘8(0,0}:\ !

2xtedyt A 2xy !}

T3ihe

Maxite fanim te Sy =
2
sdoged X2 o (R = xt ¥4tV 2z O

wge Lagrotge Mal\dsp\t er s Hedhad SN VS’ =as 9

5, =Yore2y B WRRY” Ay

6y ~2x Q1ay |2 N 4y

@:—\ 3““\nmj (xlj,A)
3 € quadtans

43
Y\l-\-‘,j?'

® ©) :
=0 = M=0 = 0Oel qcnr\\oa-}:b‘\\”"- Ly XEO

S\\N'\\\or\'é
\A = O

oo & A g_f__}-(_g___ - 33;% i 3//3_;_31_,_3/{»“1.

44° 5
&) 1 Lk
AT =Y A

ek nl e C U e =15 ]
5 (JFLJ_G.) = gt%::-:‘h-}" %: *%'.’\t\ £ '?)1

2} X250 C_E-_) 0=4 o camtod A an =) /\j# Q

\

: 2.
Swee KUY S o cRiNuo-3 ond ¥re ceqgln X *Yd £\ w doscAJ

% noas Max and s voalues O X (‘C.%';Q(\.
A\ \oi;')qev\ G\MG-J\B AV condt dater 5‘
J

e S(Y\a\\q'\ e e j_

N"NT AL - o - :

oo\ awe 38 J\Dctt&%





i

Question 3 (54-54+5=15 points)
Let P be the point (1,2,3) and I" be the planez + y+2=1
a)Find an equation of the plane through P, parallel to T’

e U, 1)
f % 7F=X+j1"2r.l
=3
g€ T e (x—,9-% 2 3)_\_n

s O 5 7-%-—33- 0 =0
=) Xf‘jt-&:é

=) b)Find parametric equation of the line I passing through P and perpendicular to I
Nn 3

ad) €N
c)Find the distance between P and T. M f‘) be aﬂd (4 u‘““ ) {qa PQ C{’ i )

AN rw2d) ngﬁ)"‘ % Cl npo f’/l /Cngl
\ Mﬁoﬂﬂ - ”PaPﬂ Hﬂ / C°IO
A = na |
T e el W saleun) |
ar AN =
OR/ USI |0 ) Q’f I/l u_ﬁll \fi

{an % asmEnes e =t
3 J=r
“h) i,x‘-j.‘-%ﬁ lT‘th-f‘t‘fJf{: (1’3{

“/ o £ oSS At (B, 5 2, 5e) (i,
3308, - 400 AT
. . 1=






Question 4 (10 points) Evaluate ] ] e® V" dA where R is the region in the first
R

quadrant bounded by y = z, y = v3z, and 22 + 32 = 5.

2
Question 5 (10 points) Evaluate the double integral f f ;3—4 dxdy where R is the
R

region bounded by the hyperbolas zy = 2, zy = 4 and the parabolas > = z, y® = 3z.
':"L

7%z X g
Ad % ; e

X
Aluy) _
Aalx)

ke
-yt
>
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Question 6 (5+5+5=15 points) Given F(z,y,2) = zzi+ (2% + 4)] + (22 +2yz)k

and Gz, y, 2) = 2rzi+ (22 +4)7 + (x® 4+ 2yz)k. Let C'be the part of the circle of intersection
of the cone z = +/x2 + 2 and the plain z = 1, from (1,0,1) to (0,1,1) in counterclockwise
direction when viewed from above.

a)Find [, F . dff

C e ey H{cost, snt, 1) /f ¢ [0, 7]}
dx ~ -5t A 44 = cort dE, Az Q

- - </
(F08 o (et iant) w5} dt

30 ° il
}Jq’.(of?,'{ "'55'”"6}

Sql (-J£ sart 5 C9 4)“’“

Q
9
b)Show that G is conservative by finding a function f(z,y, z) such that Vf = G
2}59—)'?: = £ = x’-%-\—c(‘j.%)___.a S_d__—:c\é :__2:?.1_‘/
| = C = (2?-1—'-})3 ‘f'Ci(‘?:)
o o Wta ezl T Q] \
~ = = = = ¢

=\ gn . Xt 22 ¢! - xlebir D Q=N A G

=y Sy xi= lr + (e¥r#) +C

¢)Find [, G - dFf

{ &.8¢ = ﬂqnd-ghﬁl):5~L:,4





Question 7 (10 points) Find f 2zy dz + (2% + z + sin(y?)) dy where C is the
c

circle z2 4+ y? = 120 in counterclockwise direction.

lGﬂu‘sThm
§ 1y dK + (Lexe sagD )y =
&
= [f exat - 20y48 - gj 4 d¥f = Acea
eyt £ 120 x\,rj"“;.no
= 1207

-
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Show Your Work I I

Question 1 (10 points) Find the interval of convergence of the power series

2z -1
Z: (22 -y 3)“ {Do not forget to check the end points.)

o+ N _
- -\ 9 \ . N
fr'o n-> ™ 0.9 (2:&-&)“ I

12x-1})

Tras QAN Power SC.r‘?Q.S ar OVN a:i'\s (a\oso\w\c\sb) c,or\vd‘j.n-l'
\g .-\2'&:.1.‘-(1 Mk B '{\‘ -3 ¢ 2x-\ £ 9
7 -% ¢ 2x \©
-4 ( x &5

h
T O N

" 2 5 ¢/ Radas of convergente K = >
Now Ok ¥We end 2onrds s - : = Qn
oo ) -
Az (a4) o" a:z"2

A > =290
’:.\:m\m\\ o T O

M:»—Q—*‘%Ai - Ve ™y
\ oA\ ’L -y - N g ﬁ‘\‘\'
o resk Xki§ Co0T)
Hene oy flkeraal’ r\3 s 70 ’
(rd oh”
5 { 9“ - ’Z . S, f— f&’ 18 c\""“"ﬁ“"\ Y‘:‘:Cﬁ‘ e
= o —_— - PR c

x 3 h:').@“'\) 9" n:2 "

T\ ?ﬁ\'ﬂfu‘-\ rl\r Cony e genia, \S - Y_"L') ‘D





Question 2 (54-5=10 points) Test the following series for convergence:

~_ntl  _ Fan 5 W70
a);\/ﬁ+n2+5 = i o~ " N
Ol 1 (v ) =4
L xS J X x X = A
Fars e X = s
A e P00 xFx (R4S L\‘"xm. AL
LA
- P ~ \)Cf ‘._\w
s it 38 @ nonero %‘(\A(ﬁ - J Zon ond T A’f\ =

Vo converal s o X\ R‘«kra@(\og Aimit Compacyen ’T«-J‘\)

e, L SR 36 Atocegend , 56 s L Sa.

= 2"n! _ 7T a 7 G0 —A—
b)25-8.11-..(3n+2) - L ~ 2 -(n“)z/ é——ﬂ"‘(&h
,f/«‘(‘/\ 9_‘1_",',. = /LM ————-——"’"_—'_——“——_'.Zy?

Aoty Raxo Teed - N+  an An00 £, 8'”"-"{"3@'(3&*;)
A 20OM 2 vene Yy Ratie (et T i Converge

000 (3(\&-5} 3

Question 3 (5+4+5=10 points)

o0 [+ =]
a)Prove that if each term a, > 0 and Z a, i8 convergent then the series Z a? is also
n=1 n=1

convergent. \ \ )

Sutxa ’2:04'\ E C,Ol'wtr‘&:hk) J;M‘b Qp\ =0 : \'\lf\‘-&. gor Su&gc\m\a rrrjt
-

Q- valves, Mw\‘\"”‘ 04an 4t VazN 5 ok LOn N

o
T

Dzt Nz N
— . v N
S 0a)0, wecon Gpply Limk Comp- Test | ™ 77 ) % UDa W eo AV e aX , el e

B an . T oA . ne N
- ~ sinee LA Cond B
L L ?Q\,maa“ =2 , )_O.\ Y L“‘f\vtre]m't
!:d{\ W oaMe 0=\

s od Lok Cove- Tes, < BAN,

b)Give an example with explanations of a convergent series Zan such that the series
n=l

o0

o0
Z a? is divergent,
n=1 op

Y A
Co(\S‘\(}'!‘ ‘2_: (’-\) w\(\\p\\ LY C,csv\uu-34n3r

\O—Y} 2 \j‘c'\rf\«)\»‘f*:_\s ey gy

G
NN 2 _
‘O\A\_ ([—‘\ ) - L Jh— _\3 &ﬂf“)d\’\“ (hgrmqn’(‘_ S{frff\
R 'q? :
N =y n





Question 4 (444+4+4=16 points)
a)Find parametric equations of the line passing through the point Py = (1,0,—2) and

perpendicular to the plane x + y + 2 = 120.

. -
ﬂ.:(h‘”) /z = Pb @& V\\ -
" n = Chaa)
('rol'z)
¥ ™oy, | xE N 14
"y 0x1t
AXxy+2 2120
2 = -2 =« 14
£ 1 eR
b)Find the point of intersection of the line and the plane given in part (a). t Y ’e
P:(x*j|2) 6 Jen ‘@ =) Pé—e =)|A = L‘f"" ,YOF S500e
3 =
O\SD/ P é ‘@ J M& 2z -2+t 3i ’ZJ " {;-Lg
Cger 208 ) e (4) e (-1ed) = 941 =120 2 E
2 By Y AT I L B
=) P:(I“"L—z-}) lz_"_f,\ ) 2—\'—31) (31313>
c)Find the distance between the point Fy and the plane in part (a). \n\'xrjn, 1o

Dh Aot ‘geduseen @0 ond v pPlore 8 Yve AisNonte \pedvaeh Yo ood \\\L‘
()ou‘\\ e 80\,(\(& e Pork (e, Nanc g ;ST\—\%H)Z* ( \..13-‘51.\, [~7_ 'l};)l ;\1‘\[—

3
- -
o= & o A - WPeal st e
GO o007 X PR R
= 4100 xON w3
/ WA E
? 15 aoy pwrt OF &
d)Find an equation of the plane containing the points P; (39,40, 41), P5(40,40,40) and
P5(41,38,41). R .
o PP = (h0,-1) 0= {2,-2,9)

= - e S N .
. P §:L. n'\// P‘pjlf x Vafs - \\ SO _\(;\ = 42,-2,-2)
%___; : 7«2 D

—>

50 \}-&Cm‘k‘n\‘-& (\_\,'(\'\‘\3

(X3, 2)E @. = (x-37)\5-z,ojg,m) ° L\,\,\} 2. 6
§/ 3.2 \(./ }Q+~j+2: 39-{-4’044{1

X+\j+2 = 120





Question 5 (4 points)
Find the length of the space curve ¥ = (23“’ cost,2e sint,et) for0<t<1.

Sy = { Qetcost - 26}5'\“’() 7elsint +2 eteoy t_, e,t>

- ) =~ t 9(’(95f+$-4f) d)
. e { 2(cost-snt , 2

s 25nteat +eoy £
) “ f‘l‘l’)“ = L' e‘."{ (CO.‘ t - 200)‘L.Sm1‘ -+ 5‘\’\1‘ t) “+ l’ e‘z (5 {‘ -+ Anteer )

- e')'{ (?-‘\‘\) = qez*

.t
S a2 2e

\

|

=) 1.=- j 3(?.+'dt z 3 e‘tlo = ?)(,Q-\\ undy
0

Question 6 (10 points) Find the Maclaurin Series of F(z) = f sin(¢?)dt and use
0

it to approximate F(1) with |error| < 1074,
20+

[ 0
Reead ncd &0k = 5 Y T N te R
0z0 (Q,ﬁfﬂ)\.

o N ynel
=3 5\(\({1) = Z L_’D__i—

[ (7—0*\3\.

n 1%*3
) oo X - = £ (x)

1 s A — =

=) So sald) a3t = aze (gaw)) (Lm&?))

o 0

S ) = LD 14 on alreaodon secar wAlh

020 (204)) (4n+3)
"N ) — . C\eao\\é On 3% du:c,ag,amﬁ ond —?\:\mb,\: O

) (2,0-&\)\. ( tne3)

So o
EERy - ) \ L \On SR S < 1\0
\ QD) a ~\ 20 +’5)\.(Lm+?~3

4
= @a)) (an=3) 101 =10.009

N4 = 5\‘ LW =\20.0 =7\320

N = FLooWn :(50'10)(\\;') 5\0. 000

~ — 3 1 1
e 0y xSk o3y o

\eccoc) ¢ So40.15 L 1077
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1 2 J 4 -] [ T )

Show Your Work I I

Question 1 (10 points) Let f(x,y) =1 — 3z% —~ zy.
a)Find the maximum value of rate of change of f at the point (1,2).

We are 05%ed Ao %‘.(\d Max 0{; 8 (V).

=]
X
N

= O\_; %(l.’)_\ = N ‘G'U‘Q)‘—\T = \KQ§(\.1]“ C’Q‘Q sANre e by \V‘Qg_l\%\e_ '\f)cﬁ\
pee wkd weXee T oond veder Qg L), J£4.2)

~

s B ¢ A 7 o A AN velwe s\ q‘gu‘z)\\ (,&Q(“ ~ °

£y xAYz ~bx-3 = {xa)s -3 A e \\Q%U.'U“ =\ (-8)«\7\f
Sét#\\ = -X = Lyt - S =NBGxy 2 6Y

v qs;(l,f_

b)Find all directions {(unit vectors) in which rate of change of f at the point (1,2) is zero.

Rede 04 Snonee  Xaed 15 Qe a0 dardalie /8 Fees B cos € =<

~

N N AN A (~8,-0) W gergeadidds ks .
L'\C/ Q%L(_’L) - 7 &= Q}

5 6 1 I%?("’ﬂ) ¢ ﬁ\?_ (—\\8)2

8%z

Oxdy o

Question 2 (10 points} Given the equation = + y + 2 = €%, compute z,; =
the point Fy where 2{F) = 120.

X+U4+2 = e%f A ket NNy bokn S\ wet 4 N
o2 P = &
\‘\'%j = 23 62 LE@ ox PO ; 23(‘?&) = e—}i—é—:t\ a¥ %F[ Q‘ oo

Aow kY X }

2 =
e
2n = 2pE T BB 00 BT
nas 0 = 2l 2 Ll c (e‘z"-\
ek 0y = 4 T
'2«3! =) \L'&
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Show Your Work r

Question 1 (10 points) Let f(z,y) = 1 — 322 — zy.
a)Find the maximum value of rate of change of f at the point (1,2).

Weare asked Yo $ind  Max Da§ 12D
3 ~utX ue t\er

\ % i le
SINC O350 = SEO) oV = \\qu.i) \ cos@ uwhec @ s1he anyg
Berween NN unX veeror I oad  yeedor SELLLY

or J = 4O
s\Ne cos © £ i) Maxwmum volne 16 \\QTQL\.’L)\\ (ﬂ' N 5 }

) NI L0
SaA) 2 ~bx-Y = £x02) = -3 } W50 =\ (3,40
%‘hulﬂ) = =% =5 —féU.l) = -\

——

——
b)Find all directions (unit vectors) in which rate of change of f at the point (1,2) is zero.

Rake °f Anarge  had g direchiongd docidodive (& 2eCO \ cosp = O/

that s y NgGuye (-8 ,-0) 3¢ pecp-rdcder Xa 3 ;
MU
N ey 5 )
J ¢ \m(\‘g) : {E{;(LS) ;

Question 2 (10 points) Given the equation z + y + z = €7, compute z,, =

the point Py whgg_z%@%,@‘(\&hﬁv@d 2(Ppy) = 120.

tneis® R

@ [ Foari-€®, dyjntiok bofh sides Wit 4

%z

By

2
;S\d It 2y =2y € pow wet X
e ;
z e
Z‘ax = z'yxe’ + 23 IL"

[ e TR - S % o L S 18
Fedy - .
cedat i Ix = - Dby () 2 -8

@ €
it EO*X"‘L ‘\-\\0‘\- l“-m :‘5 = mtﬁ‘\'d\\‘(_ AR qulc;\\';\g&“:uﬁg‘;:&ﬂczwm“"‘--w-....,
2 t’f 4o Qoied Xy o0l oalned a0 Yoor puger B0 WA o~ gek g credl: b

MMeredek






Question 3 (10 points) Given f : R*\{(0,0)} - R, by f(z,y) = i Can you

define £(0,0) so that f is continuous everywhere. Explain.
Sfce £ & o Poyposial ever poRnomal W g contuous Evdt‘)m
exce@t  A%e 2e008 of denom aadore, hak 6 a¥ (0,0). To degor {9
¢ & Qse QOt\-\'i\u(Ng ak Aws Qo r\\ o oast dredk

50 AN
dm KUY 0\ Neig kot exsts ) degime gtom Ao Yo Ans Lot

and Yene, £ 36 Conkimans cvujw\r\-.rc_ \g‘f demy

A Con Aok maoxe, S— C AKX OO 0\\- (O,Q—).
Pass Yarouth (0,0)  andh

(X ={0,0)

Aoes aor evcs\/ _
\\\Q\'-Le Mok J,,mz_s -3’~‘U\ \03 \_,5-_— COR
Q\Q&\QB e Riees | dienth 330 | £ (X 2 A A% '{’n'"z
. % O rA20 xz*mtx'l |4
e vesu lt th(Jerj on M Aoy
Linit does nob exist. Heﬂ«— we can NOT degire £09,0) i{:%hé% £ S .
L4] ri
Question 4 (10 points) Find the length of the polar curve r = f(6) = 1 + cos(8) for coMTnLaS eued”
9 € [0, 2x]. LR s
Recald Mrax L= )’ ' \/(an))l +(f're))t de wvhec fe)- 1tev 8
£449) = ~s1d

§i1 g% 2 24208

S50
-@:5 \iz»ficnf dé = ]Wd'@ Y
- S l\cosﬂ\d‘@

= rd s
. I 0 cosf do - chcwzd@ ‘21254\%\1 -2 5“3'\ ]
hY i

H

=4 (-1-(0-N) =4:2-8
(oﬂ, s £(-)z I+ cos(-8) = 1(TOI=4IO) - 25 [, \L'Ae’

Question 5 (10 points) Evaluate f / %dﬁl where R is the triangle with
vertices (0,0), (1,0), (1,1). < Y=\
X ! \
Sy






Question 6 (10 points) Consider the solid T that lies between two cylinders

z?+32 =1, z°+1° =4 and bounded by the surfaces z =0, z =9 — (z% + ). Compute
the volume of T

Y = Sf 9- (P43Y) d4dx

. ce\‘s

ase Vo c«;} X
O \

)’“ - m(@?—ﬂ—(%'%D

i
= - lq—- ﬁ :3 —

(@,(") L é&‘ 88

-
Lf

Question 7 (10 points) Let f(u,v) be a differentiable function such that
F(-1,3)=0, fu.(-1,3)=2, f,(—1,3) = —5. Find an equation of the plane tangent to the
surface defined by f(zyz,z? + y* + 2%) = 0 at the point Po(1,-1,1).

Mt Flxg2) = § (x4 2%, x2rylt2t) . Then given sucface is the Lewel
suiface o F (geen by FOMIZ0) ond Ve TF (%) s
ascas\ X0 '\\"‘\0‘\3&* p\om_ Ao AYe Surface ay G,

F. S WhET Ay = k2 ! \ ‘17;; = SDL“'\P) Ijx(x.ﬁ,%)-\-F\;.-\f;
1
D/ \V" ‘ Vo= Xyt 5 = $u(H3) Wy (o) gw{-hg) Nl
NN = 2.Nx=5)2 =12

X 32 x 32
F‘ﬁ"'go By §r¥y = W

52; = §u Vg % S\P\'.L “ Al
T™hag QFl\Qb\ = (_\1,\11_‘13
, N o
50 we Con tole n'_,_(__\}\'..\') ( // Ql—(\e)\
?\.:_L-\,\,-\\
T (A € T e e, 48,20 e (-11,) = O

—

( &y, Thd
‘,dns ) O
I AN e T A IRl A A I

\T“‘AT% :-2:]






Thus (-)b.sdu“e MAX s 5(,”)_

Question 8 (10 points) Let f(z,y) = 2+ 2z + 2y — =* — .
a)Find all critical points of f and classify them as a local maximum, a local minimum or a
saddle point.

= 2 -2X
O = 0 (X 4) = (AN) R Xve oNY r¥Vical oot .

fq= 2-23 7

Kxnz-2 p ay (L we ase Ym\ -(33__43'3 = 450
fay = -t S P
rﬂ‘jz 0

SO LU 4 B a Jocal Maxmum
gﬂ(}‘nf'

b)Find the abzolute (global) maximum and absolute minimum values of f on the triangular
plate in the first quadrant bounded by the linesz =0, y=0, y=9—=.

fj__\’\r\’:er\mr QOurks ¢ |
gros gosX (&) (L) A\ e 0“\‘3

Cr’\r.«\ pounk r,d\c\] L\.\\ f-1|

n'! 7> 2-) Yordoey 068

(i) Pods o T o 4.0 4 Lo,9]

5 = 9_.*9_5.-\5‘ on 10,97
L =2-23 = o Y= cediel pond

[;Tf),\) :ﬂ BT(_)“;O) 2 1} W@) -6/

aurdary PoAls
4=9, K& 10,9) peuedery

§2 24%x-x* x € (0,97
12 g0 20 =y ke crediel oot

i) (o1 [f28) <4)

(W) Qods o W Y = 9,.;( x £ (0,95

R
= § o« 2—r1x+2.(9—;t\—-7‘ ~ (9-%) e
e 6] +1Bx-2xt 2 glz B-4x =20 =0T

s .J,] RIPEA s ) <R

N

((\) O aurds o~ W .

e ey e
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1 2 3 4 5 ) T

Show Your Work J J

Question 1 (8+4=12 points)

[e5] o0
a) Find the function f{z} whose Maclaurin Series is Z man_z z®*! Specify domain of f.

Recald Aoy oW\ L A .-._‘f_ X"—. Thes L. = %i”“ \ \!3\4 i
- VX aeo 1-x3 Ao e,
pon 3n 3n o 10
TX - XLK 2 (-n) X . (e YERTIE N
Nz Q N Q ) \‘1\3

Revw  gix) = __(_\_-_-_7:_} §oC X € (), ).
v ~X

b} For the function in part (a), compute the 120" derivative F129(0).

o (uo)

(") Q o
Recal Anek  £(x) = T 5 (D X &m«,g‘ro)x xor 5O XU
=0 \
ey (20 AT e )
- j___(__g_} 15 coq,f.cﬂ“\l‘ of X an Ave  Seciel exponsieon °f £ (% ).
20\
oo 3 \O LI T,
G2y 2o XS‘\; (-x) « UeAR - € (AR« o~ T IRk eXaers
0z 9O
- =) (29
(4.5 (0) . A = ,g (0y = Vo)

ol





Question 2 (646=12 points) Determine whether the followings are convergent or

divergent. Explain.

< 120 @
DY Ton , At ba= L. Snw Lo 9——~i by
= Nz 120" N4 0o bn
Lk Compacison theerem we hae L ca 15 convesyent endd on(g iof Th, ¢
C-nr\v=r'_1m"‘
ﬂpp\-b Ralts Tat 4= b (bn70)
Lo Nl
B bn«—(,_,_/'m ey . dinn A 1—1—) (;\544_

e o, NN~ (o ‘2'6*“*" 129 fna M 120
9'3 Rotic Tk T von cor\uwjm*/ 60 hene 2 Gn ¥ (onnacg

b} i arctan(n) SN ﬂ.m Of(,*aﬁtn\ 2 :QZ_.— = O/ L; A= term ’”*,
n=120 n”m

. ZCV(_C)W“\ (ﬂ-\ .‘5 é’uc(’st l\k'
g Lon,
\

—3 (9}

{
v

0

Question 3 (10 points) Find V f(a,b) for a differentiable function f(z,y) given by
the directional derivatives Dy f(a,b) = 3v/2 and Dzf(a,b) = 5 where 4 is the unit vector in

2008 2008
the direction of th £ y =
e dire n o evecor<\/mm
< 360 —480>
vector

a5 Vi
Nek et /2008 2058 1 L3 A) e i-g

'X\'ZO Yk )
369 ,1‘305 // {3 l‘) \ente \f < p é_)

o ' me - N
atdre ot (o) W \have (s Ny Ow% (ad) <U§( aw) )

=60 =
\"‘:ﬁ, « E o7 3T 2> fuxdy = fxlat) =2

ond — - tiaz 2T fa(oMm) =~
%gk,ﬁg_g.a; 5 > 35¢ -5y ¢

> and ¥ is the unit vector in the direction of the

J—U—D

Ty LLCaw = {7, -4)





Question 4 (14 points) Find the maximum and minimum values of the function
f(z,u4, 2z} = x +y + z on the ellipsoid 2 +4y% 4 92% = 1764

use Aajl‘oﬂse, muH;?“UJ mG'thd 1‘0 f.‘ﬂd m“x/m;n Qf f[x‘jl%)‘:x*-jfi )
Sub feet 10 3()(\3.“, X by 192>/

sek V5 =aY3

\ 2% £ equations (m;\ At O
") QO Ao | .4 2z
‘ :;)8»3 q@ (2.3,3) = X;.z'\; p 9755 - T RA
¢
\_’:\83%“) (4) = J—'A\.,.Lz .t.)—-z,f..\?éll
Lo eadt = 174 4Gar fedt 362
- AL gk = 420
14 At
= A= ® 2

. . = _ 12
S X =336 Y=%9 2-%4

= Nax o) LML) %-(35} q/"} . qu
man of FOI s £(-36,-9, -4) =-49

Question 5 (14 points) Evaluate ] 6z?ydx + (223 — 2y)dy where C is the piece of
c

the curve x = cos(my) from the point Fy(1,0) to the point Pi(0, %)

L = 6ty - My =6xt= Ny
N(xy) = .7_13-2‘:\

=) gﬂdx A NA\ 3§ "\l\él-oe(\é-m‘\ o* Qo(\\\- o\ o\\-a Atpd\ds oh A\ ead
POk oy A urve C) Ak U ) Mdx ~ N 3Y = &((’\\ -4 (0o)
c
uese gu.-ﬁ\ Y a Qb‘\t_r\’\'.q\ gum’\‘.t_\.r\ &D(\)\m ek ,f:cu €= M,

F:-’Qs = gx :..M.’:— 6)(2'\3 =) ,g‘ = 2_{33-\'(/(.‘5\

S TR NP
= ) Sl

“Taes . = P = -1y = = »gl-r &
Sy = 2,1(.3\:3.-3 « C
A
o0 S Foclf = SMo\X-t-N A3 = g(()(),’s;(po) ;(c),,c.%,m) ™
c c






E
Question 6 (14 points) Evaluate / / E+y)
bounded by the linesy =z, y=2+5, y=2—z,andy=4-2z. }

dA, Where R is the rectangle

"1» 2

Ak uz -y Xo F(8a¥Y 9 rra) j‘*Ym XV’}.ME’_

=,
\pix-\-f?,. Yz 4 (U ,( I(dnr) MYy Yy

"L l'l

" 24
2 X
\Xaj: 4 & =
N . e > \JF= o
Xd-'a(“ ;Jgé_,-‘idud\/o
)\_3 seq =0 R_ F
Y-y UV
i j% L (-6 ) = ,(J-c)(h
J— v 4.
Question 7 (14 points)} The curve shown encloses an area of 24r. Evaluate the inte- = ‘): (l ’%;'3 ‘(nl .

gra.lf(Sa:-}- 22 2.)d$+ (5z + 22_5 B
JA; M) = 3% « 28 Ny =5xc 2
X 'r:) Xt
Nx’Mj —_- 5‘
W e ‘M\dﬂkw
Y ) =45,
§ Maranay = ffsda = 5 fealf) =8 (267 -7
R
C\ojed curve 2K
NOT eac\ejing (0,0]. e
Tho$ 5 7 § My + N oY
S max NSy =\ ) © v
¢, &> ok = (cost st Aot
et o ] (5@{«»%):-»‘
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Math 120- Calculus for Functions of Several Variables
Exam 1 (120 minutes)
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(1 [2[38[4]s5]6[7]|T]

NO PARTIAL CREDIT WILL BE GIVEN FOR UNSUPPORTED ANSWERS!

1. (12 pts) Check if the sequence {a,} is convergent. Explain your answer.
cosn

(@) an=(=1)"

n+4’
. Con ™ A
<\ O = \ —“A)N e <
o= \ox) C-4) o \ pYon
A e e [P Ui \ a.l =0,
{ \ ~ =3 e & wie Yioewd n
Since QAV\T,)OO A < < S n—> oo
But, we knous Hade iy Ga =o 58 Limfetal = O
W e L
Therefoee, Lirn Of = 0. The sequeaca %ﬁ@zr‘; an  Converfent.
W 00
(b) An+1 = (1+CL%), CL1"‘0.
1 =4 <A
Qw = "2—'("‘\‘0) =
2y = A (a4 = 4
i”:u@g@g,«ﬁ et An < A T \zan Rppqg = "é—s_’“ <’M" Ay ) o CArdd
T n
e e Sore, a, < 4 ¥ azi

Now), Opgy — Gn =

Leay s \nereasing.

Siaece %dmn}

LS noctasing ond  lbbounded Scoa, alzoue,
e A Caf\\f‘e—rﬁ@.f\jﬁ‘ '





2. (15 pts) Test for convergence:

o0
n -+ 2 A2 3 -
3 2
(a);(n+1)3 cany® DRI L4 s a0
Al Cae A
ﬂa
&_S:T-%m s a@w&ﬁ&f@}&m’h By tha LET, the iven seAils LS canvement.
R
@@Q}%
£k et
= " ~ n ..5;.. as 0N — <0
n (09N E= — =
(b) 21(3n+2)" \}\_‘ Z A+
Since = <4, WL cerned LE éimf\afﬁé‘“%%ﬁ;%z.
© e 5 tm_cos(3m) =t O
c cos | —

By e N=-Ba

.@Cﬁx‘m ‘b@*&t J 't m S‘Q’"\;\ £ ”L»S AX mﬁ@t-

3. (10 pts) Consider the curve C: 7 =<t,sint —cost,sint +cost>, t € R.
(a) Find the arc length of C from A= (0,-1,1) to B = (m,1,-1).

By = < A, cost vsint, Cockt—Sint >

\ T = \l 12 4 (st +Sin?h +2€a§kéw‘@) +(Cos?p +Sinth—2 %ﬁiﬂ%)‘

N3

e
=

Lo Cueas
(e}

VE T©

(b) Write down an equation of the line tangent to the curve at A.

/
T-?(Q) < A)/\JI\>

+e

7

.&
-4
= I+t

N
or 2
2





. o y(z—=5)"
4. (4+8+3 pts) Consider the power series Z(-—l)” T
n=1 \/\(’i—[,’b

(a) Find the radius of convergence of the series. Y~
\ Un+d \ \x =5\ N . \X—S\ as WN—> o
Ua L 3 NG S
. * b . N ,‘@;\t "\ \ng\ ¢4
By The vakio fent, Hae sesaens 18 Cenwel§ £ =
ande Ls divergent 8 \x-8\ _ 4.
There Sore,  the radilus bS§ ©F PN ts 3
(b) Find the interval of convergence of the series.
— x = 2
Ené)@aﬂmtﬁz Ex-‘@% =3 = * =8 & -
&0 A
\ 4 — v
- = - A
1§ X =2, L we, \neve “Z': Nn ; RS
Gince P=Ya <A, e Sexes 1S Aiergent.
%)
06 -
‘ § : =yt ! — _Zcmﬂ“ 40‘:1
let x=8, Then W& have o = =
A =-—L-=' —%Qqs n— =0 Oa =0 »
ﬁ ”
A SR AR PO o = Sany =
Gaxs — G = -—————_r———'gF - l—————-*""‘ ==
‘ o ) nCn+AD éec,rea.s\‘ré,
oy
Z('HMAWA s convengent.

T\ru/\.q_&bre) e nkecvall of o nvesgence e (2, 21,

(c) Let f(z) denote the sum of the power series given above. What is fAI(5) .

(=) <D
-4yt ~n S n
- e (x=5)Y = 2 ) (s) (x-S)
ngﬁ Z;/\ Br\ \F\r—\’ o Y
(49) \ -~ (43) 43\
‘g’ (s | = S' gy =~ =
T T 3%2(as 39 #

a8\





5. (15 pts) (a) Find the Taylor series of f(z) = 3 8 about @ = 0. (Hint: Use a

+ z3

geometric series.)

A

8 o= e
(X)) = ————TTTo 2
§ s (1+(Z)%) '\-\~<~5*~3
e oow sheak
) Y
R e Z Xn 3 \)( \ < 4.
l'\—--}’\ N=QO
X
t N a 20 \..>5_\< /‘
1 : A { = l = (D % =
— Zs -nfEY N P e (%)
=03 A @_\3 n=o \ o\
e
1 /J/’jp'
(b) Use part (a) to find / 8fa:3 dz as a series.
0
to 4.

We ‘\m%egﬁate re Seralh Lo %:;5mgefm o o

-]

ond Note  Hhat Y_@a]ﬂm(\,i 2 s

1 S e ‘
So S A+ 4.& 3 X e Z::g P
(o) (2,\) o
‘ie., 4 . ' oy
S W ZJ 230 (3“'\”\\)

o

(c) What can you say about the error if the integral is approximated by taking the

first three terms of the series? Explain.

i A
! N S— = \ - ! 4 - 4 - - -
S g« x3 o 23 4 2 7 2 s
° A
<nce the Semed i on @\\»&“e,rmm@mg centes ouN
’ )
Qn = ,_.,.imw So g decreasing X Op—P o8 0
N (2abt)

We  lnows ok

!
; A
\Ercor| = %%'Xg - (8 gz'\“uug) 27 10 5420
o





Name, Last name:

2
6. (18 pts) Consider the line L : E:i_ =5 the plane P: z+2y—2=3

and the point A= (2,1,1).
(a) Does L intersect P 7

ol -z =3.
K= 4-2%, $=t, 2="2 Should, satis§y X+29-%F

Siace

/\_%%_&‘_2/%.&_2, =3 %D(" a&%&%/
L € F.

(b) Find an equation of the plane P, containing L and A.

oA Woke thak A €L
/’/M
L BA = o
':\'-5 — £ - 2 ’ A ;) O >

= p‘& s X+O_%~% :3 /{
W

o - (f3}<x_,\\,g(g-o)*‘3(z+2,)=:D A
=
(c) Find an equation of the plane P, containing L and perpendicular to P
R Lo lTow o
DZ = “&X 0 = il A G % - <¢,{! ‘_2’/_@>
b2 - 1
SO R 2 (g-0) =5 (#+2) =0

3’3 . x—%—l\é-ﬂ'ffﬁ =-9
Y

=





7% + 2zy
7. (3+6+6 pts) Let f(z,y) = 22 (z,9) # (0,0)
07 (33,3,/) = (0>O)

(a) Explain why the function f is continuous at any (a,b) # (0,0) .

X3+2*X% N 2 ’
Zx92 Ls a codiensl Seoa. Since XExYT#EO ok (ab)=(0,0),
x 3
R ;
Sengd = mﬁﬁiﬁz%m ls cont ah any (ol %= (2.0).
%2

(b) Is the function f continuous at (0,0) 7. Explain.

3y 2mxF

S w3 2wy '
v = = Y z 22
5 = N K
(x,4) = Lo,0) X% e y® (3,9) —> L20) %
y=mx
= Lum T N
(/9= (2,9 A 4 § &
5..-:vm°x

Mm=0, m=41 Give d&iffmat Limoks, Thaorefore,

m S does not @xist
) = (0,0)

ond Wweance
Seond s Aot cent. ok (0,0).

(c) Find the function fu(z,y). (Hint: Consider the cases (z,y) # (0,0) and
(z,y) = (0,0) separately).

w32 xnd T hen
TS (x,4) # (0,D) ) g(.,x)\‘j) = %2 *&2 ’

3, -
%XQX’B) — M’_SBXZ*Q%‘).(xz%%z')m 2 % (K m%&x%‘)

(»* —\-éz )l
%0(’“ =, 9) #(930).

T (o) =0e,0), We Loole ot

o he+o
. S(o-\vm@“g‘ﬂﬁ‘{‘ﬂ - lm o) o n*x0
A " =29 i h-=0 W

h—o

= Rimv

n=>0
= A
B gx (0)0‘3 = I\ -
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y+11 2+6

(15+15 pts) 1. Let L be the line with symmetric equations z = = =3 and let Ly be the

line with parametric equations z =1+ s, y = 23, 2 =3 + 3s.

i equation o sk

(a) Show that L; and Lo are not skew lines.

Su bsh Tute eclucl-\*{'on.s for 2
- L
| +S = 25t 2o+l _ 3_‘_‘_'_?_’_?_3'_
= —o =T —
__'_?.__?S:Z—S'l"” _..-65-—-33':-""6% —ls
-8 =25 (5o —20
>="% <, = —Z
6\ e wolohons ar= HHae Sam
y NCe .
[ Cxﬁ‘i L—z, Vrave oM™ \n‘\'e—rsed'lo‘\ POwn
So  Yhew a= Aot Skew
(b) Find an equation of the plane which contains both L; and Ls. )
—3
Poir\+1 s = —2 (._\)__.1.\)
= 2,3
;;::4\1_‘7—,—37/ \fz:‘-—<\’ ) 7
-
>
=) J _
ne= VN xNz= |, 9 -3
\ 2 3
€9 uation .
a4 (4>)=©

15 ) —b L9 F

A BX—6y TOE =
—Ex —2y 3T =H

BXT2Y —32 = —H

| 2.





\v

2

(13 pts) 2. Find the length of the curve 7(t) =< ' cost, e’ sint, et >, 0 <t <In2.

- +
PJ/‘(A: <€.+cp‘.‘>‘t:-—e:&Sln‘tj et<int +ecost, et7

2E e .2 /F—]

(55\ \[e cont—2e cos‘tsiﬂt-f-e RN

2E
t & 42 e 2t teost &t re

\Y\Z-‘ inz

g \E,e{:o]-(::- J—ge“&/o 2'—-@62"‘>:\5_3





(12 pts) 3. Let f(z,y) = 2?2 +y? - 2% — dy.

(a) Find the gradient vector of f at the point (—2,3).
-
Vv, = <2x-2) F9 H 2

T (2= <7

(b) Find the directional derivative of f at the point (—2,3) in the direction of the vector 7 = 31 — 4.

IV )=5

-3) 2 Y
- _ 1 v= <= -7
“ TR >/ °

— et e T s e





4
(15 pts) 4. Find an equation for the tangent plane to the graph of z = flzy,z +y, z2 +y°) at
(:E,‘y) = (112) if f(213:5) =1, f1(2:315) = —4, f2(21315) =T, f3(213a 5) =10.

22 _ ‘ﬁ*a + 454 + £3- 2K
2 X

22 ()= ¥1(2,31 5) - ;).'+~F;_C1,3,5) + 2 3 (2,%,5)
Ca o

. -34F+20 =13

21,2 = +_c2-,3) 5= 4
2= A4 -‘rl?i()(-—\)__\_qg (3-—-2,)

2= |9x+43y —)0oY





s fay? .
(15+15 pts) & Let f(z,y) :{ e (@) # 0.0
- 0, =y =(00

(a) Show that the function f is continuous at the point (0,0).
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Math 120- Calculus for Functions of Several Variables
Final Exam (120 minutes)
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Name :
Lastname ;

NO PARTIAL CREDIT WILL BE GIVEN FOR UNSUPPORTED ANSWERS!

1. (15 pts) Use Green's theorém to evaluate
j{(m sinz — 2°y) dz + (2zy — =% + cosy) dy,
¢

where' €' consists of the arc of the curve y = 2z — z? from (0,0) to (3,-3) and the
line segment from (3,-3) to (0,0). Explain your answer.
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2. (10 pts)

(a) Show that the planes z+y—z=1 and 2z —3y+4z =3 are neither parallel
nor perpendicular.

———l v .
e <AL, oA Py = < B, B, G2
o e sloaes Gre oL paratbel,
?:;b/‘ Zf—‘ LS ﬁ; _g—of“ r:\n't_é Y e O f= AYYe RN
' : r I Py
=y T w2 w2 om=m-5 D = Lle  pleangs 00 Aot pa«gsen& A
vt T

,%“'?‘ o A e
72 = 5-2%

t
a
e
e
£

W = 4amk) + 62k

= G- 6

2 = G-kl (A=)

72 = 2= 5%

§ . x=%, y=9-6L, 2= B -S4

3. (10 pts) Evaluate the integral // (z +y)dA, where D is the region bounded by
D
y=+vVd-—-2%, y=-x,and y=1.

Il\ 2 ;‘:‘T/dt,
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L - TT/q_
e
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3 2
4. (15 pts) Let f(z,y) = Wj%@“‘ when (z,y) # (0,0), and f(0,0)=0.
{(a) At which pointsis f continuous ? Since :F fy o r‘amp{iz‘»i‘mcmj ,;ﬁm'!i!’f.?f\ € 15 codinuows

whaa “24'%'?({7{&"@ s (%y) #(0,0) Thas, we need 4 coc (oY, So
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(c) Estimate the value f(2.01,—1.05) by making use of (b).
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(15 pts) Let f(z,y) = 23 + 3y’x — 122y #illf

(a) Find and classify the critical points of f.
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(b) Does there exist absolute extrema of f in the xy -plane? Does this contradict
the extreme value theorem? Why?
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6. (5+10+5=20 pts)

{(a) Show that F(z,y) = (42 — 220 + sinmz)i + (2z%y — 32ty® + 107 s
conservative in the zy - p!ane
"rﬂ“} o L K '\. x‘? - .,g 2

i D & S B R U

Shim o E

T N T o SRR “’\;j‘/,\ﬁ o
N
1 iy .
A e e Cielel ¥

. yaus (v "\: WL“V{
A SGraelal ¥ L el ey e il ES o W
(b) Find a potential ¢ for which F = V¢, and evaluate the line integral

Srply onvieeded
Py omecred

] (45°y* — 22y° + sinwz) dz + 22y — 32%y* + Ty°) d
c

from (0,0) to (1,1) along the curve C;: y = sin{zz/2) .
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(c) Find the line integral

T o / (2y + 4a®y? — 2ay® + sin wz) dz + 22ty — 322y + Ty°) d
Je

(0,0) to (1,1) along the curve Cj:
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7. (15 pts) Test for convergence:
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Question 1 (15 points) Determine whether the following sequences are convergent

or not. Give your explanations,
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Question 2 (15 points) Determine whether the following series are convergent or

not. Give your explanations.
- { 1. 1
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Question 3 (10 points) Determine whether the followings satatements are true or

false. Give explanations.
O o &3

< <
a) If Z n?a, is convergent and a, > 0 ¥n, then Z ay 18 also convergent.
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Question 4 (10 points)
2= hy® i {ey) # 0,0 is continuous.
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Question 5 (10 pOintS) Find the radius R of convergence and the interval T of con-

1
vergence of the power series Z iy
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Question 6 (10 points) Find the 120% derivative f120(z) of f(z) = sin(z®) at
x =0
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Question 7 (10 points) Find the exact value of the series Z ) .
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Question 9 (15 points) Given #=7 — Fand Ly : (1— 207+ (44307 + (9 — 4)E.

a)Find an equation of the plane P which is parallel to the vector @ and containing the line L.
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c) Given the curve with parametric equation #(#) = (2 — #*,1 = 3t,#*); t € R, find the
point(s) of intersection of #(t) and 2 + 2y + z = 18.
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Question 1 (24 pOll’ltS) Consider the integral [ :/ / e ¥ 7Y drdy.
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V2

a) Write I as a double integral in reverse order (that is, in dydz order). T
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b) Write [ as a double integral in polar coordinates.
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Question 2 (24 points) Write (do not evaluate) a triple integral to compute the

volume of the region that lies inside the sphere 22 4+ ¢® 4+ 2% = 4 and between the planes

z=0and z = 1 using:

a) Cartesian (rectangular) coordinates.
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b} Cylindrical coordinates. M,
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Question 3 (16 points) Let f(z,y) = (y — 23 (y — 227).
a)}Show that on any line through the origin, f has a local minimum at (0,0).
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Question 4 (12 pOintS) Find the area of that part of the hyperbolic paraboloid g
2= — that lies inside the cylinder z° + y = 1202
gcx.;p = x-g" R
’@Ax PR 5 \.,g_;';'s (+ 4(x+3V)
5:\ =71y {
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Question 5 (24 points) Let z(z,y) = yf(%) where f is a continuously differen-
tiable function with f(1) =1 and f'(1) = 2.

a) Find a unit vector ¢ so that £z at the point Fy(1,1) is minimum.

~
OA?’LPQ = JZW@) eV = WT2UEN cos@ S mainwm if wso="-1 &y V:ﬂ—)
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y= g5+ (s o 302 g0 £ <142
N
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s .
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b} If directional derivative of z in the same direction with @ = % + 7 at the point P, {(2,2)
1 1
is — then find f(i)
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¢) If |[V2(2,2)|| =1 then find all possible values of f’(g)
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Question 1 (10 points) Use Green’s theorem to evaluate the line integral

% (y +Inz)dx + (2 + e ¥)dy where C is the positively oriented boundary of the triangle
c
with vertices Py(1,0), P»(2,—1), P3(2,1).

o

=o=x<ouv

§vide v N &g where MORZ 370
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U Wenie oy Greet B, meNee gy . S @“)E g ca
: § mndre Ndy = §f saetydf = Si‘o’x/\ 4 - xe
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Question 2 (14 points) Determine whether the followings are true of false. If true
give a short explanation, if false give a counter example.

(o9 (o9
a) If an is divergent, then ar| 1s also divergent.
g g

- A 7\1? DAL R Co.r\vzl_:]l"'\} e o i LG (osslkly Cd\ﬂ(jd}
< o e \ " )
<eve - M e Ualeakly ~Q = ~P. T oirer wo A
— Ly 8 P =SQ o eqiYalay U

< a3 aet =0 /
¥ 5 N ovs ok 10 L Tleal w dw Al S N
) L laal W ae® Con +h 18 , S c\\,_,,‘yr/‘

o)

b) For any vectors # and 17 in space R?® we have (7 + @) x 7 = & x 0.
—_— = e
sive ([ GaDle M A0H a0 =D e hee WUVAZO, End have VXY =0

J
\ - -~ -~ - '\'] 9/) T
e [~ — ~ . XY =
™ [e0) s b 4 =B :
\\;3

¢) The linear equation 120x + 2010y = 0 represents a line in space R3.

g - A T Aegoned
20 X * Zotojso M’?J\rbl A —ew 7€ /’D/m//lz . 2 + m'- J

S
Hw

pSs
I

3 i | veter A= 120, L2100, © D
\ ne. i /p\ [/\/‘/]' NS [NV~ ) )
0 = o pled
W d) If F(t) and G(t) are differentiable vector functions then %[ﬁ(f) x G()] = F'(t) x G'(1).
\
catt i}(?xé)s?\xé,\»’?xé

\

0 e) If f(z,y) =1Iny, then Vf(r,y) = é
U A
NG Qg = 4.0, ;>

f) Let f(x,y,z) be a differentiable real valued function and C' be a smooth oriented curve,

W then/ f(:l:,y,z)(ZS:—/ flx,y, 2)ds.
c

Ve TeatuFoon S
N h ~Ll 5 ter valied %v(“(/}"» /\JJ o Mo
dre cuue C. Fec PAVER YN ) ) vee . "

0 (@ ik
S 'S 1 aed ~d on %‘r‘c,@f.cl\’iiJY\‘/\
R @‘\//xmm\«ﬁn\ oy ceok urdud poion doc A
g) Let Let f(xz,y) be a differentiable real valued function and let S be the graph of
[, obtained by setting z = f(x,y). Then gradient of f, that is V f(xg,yo) Is normal

(perpendicular) to the tangent plane of S at the corresponding point.

M=l df3,°D =2 IE e

& i _2 =0
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Question 3 (8 points) Let f(z,y) = % Is it possible to define £(0,0) so that
24y

f becomes a continuous function everwhere? Explain.

Lo ) = A oSt o ml Hine
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Question 4 (10 points) Let L be the line of intersection of the tangent planes

drawn at P,(1,1,0) to the surfaces Sy : x%y +2y® + 2° + xyz = 2and Sy : 2z = 2% — 2.

Find an equation of the plane P which passes through the point Py and which is perpen-

dicular to the line L. (That is direction vector of L and normal vector of P are paralel.)
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D Tongpend plnc 42 Sy b F- ,
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Question 5 (10 points) Find the area of the region in the first quadrant bounded

2
by the curves y = —, y = ~, y = 2% and y = 32°.
x x

NCR NS @Lzmﬂ I “’&D 4
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xy 2 /V/
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Question 6 (8 points) Let P = (1,2,3), @ = (2,3,4),R = (3,4,0), and A be the

area of the triangle determined by the points P,@, R. Find a vector ¥ such that |¥] = A
and ¥ is perpendicular to the plane determined by the points P,Q, R.

1,0 — Jso . 5@
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Question 7 (10 points) Find the maximum and minimum values of the sum

of two non-negative numbers 2 and y which satisfy =* + y* + 32%y = 15.

Tk g . %f\c}» M o /mta 9/_\’ %(,)‘ _a)/ X—\-"'}
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Question 8 (10 points) Evaluate /(2 + 2%y)ds, where C' is the upper half of the

c
unit circle oriented in clockwise (negative) direction.
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Question 9 (10 points) Find Taylor series of f(x) = (117)2 about z = 0. Find
-z

= Z 2™ for all x such that |z|] 1.)

the interval I of convergence of this series.(Hint:

. e olotan
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Question 10 (10 points) Let z = z(x,y) be a function of x and y defined by the
equation In(z cos y) + 22" = 2y. Find z,(1,0).
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Question 1 (15 pts) Let {a,}7 be the sequence defined recursively by
a1 = 3
Gnt1 — v 10+2a, n=1,23,. -
a) Show that {a,} is increasing. Oas \l \s+2Q, = Jive ¢ =12 >3=d,
]
Iaduckion 00 ALl 4 ccme Oa>0n-

rT-—"" ~ aa
° O(\.\.\ = \§$ 4+ 20n 7 Ql\) *zq“,q - An
Vend Yoy wiucton Oa i3 an Wleafing Scquace.

of/
Onat= 0w = ifx20n —an S0 (¢ an mwﬂa) f*_ ond QC\\'a. '0'4
{IT+268 SAn & \TH20MD) o &> ot-20a-7 L0

& (aa+)(an-S) <O
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b) Show that {a,} is bounded.
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Azt o Q=345 e
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¢) Does lim a, exist? Explain. If yes, find it.
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Question 2 (24 pts)

Determine whether given series converge or diverge. Give reasons for your answers.

1
a)E n? sin n2—|-1)
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Question 3 (18 pts)

a) Write down an equation of the line L which is the intersection of the planes:
m: xz+y+2z=3 and me: 2+ 3y + 62 =12.
fwe po"\‘h  Ta)

Notic éat 0o ( 0,2 ,1) ond @, (-3,6,0) o L
botn o} tve planss menie are kwe puinkt en L, Tharcpare wa Coft THEC

5 3B, 5 (2,4, 4) & dredion vetar of L.
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b) Find the point P at which the line I, intersects the plane m3: =z +y — 2z = 0.
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Tel4t poc some LGIR. ThvS ve Nave
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= = escd” 033-
2 (k)= (2 2-2 144) D P hes caurdadr (£,0.7

c) Write down an equation of fhe plane 7, containing the line L and parallel to the y-axis.
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Question 4 (12 pts) Determine whether the following limits exist or not. Explain.

2zy° - L\ O
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Questlon 5 (8 pts) Write the vector @ = 33‘ — 3k as the sum of a vector parallel to

F=—4— j and a vector orthogonal (that is, perpendlgl ar) to 4. OK,
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Question 7 (15 pts)

1
a) Find the Taylor series expansion of f(z) = about a = 0.

(4 —3x)?
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b) Determine the radius and interval of convergence of the series you obtained.
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Question 1 (6 74+7=20 pts) Let F(x,y,2) = 2y + ye’.
a)Compute the gradient VF at P(0,1,0).

TF = {Fx, Fy Fa> =Y ,4+€ 9>
s NF(P) = {4,4,D

b)Compute the directional derivative of F' at the point P(0,1,0) in the direction of the
VectorU——@+j+k

J= L 14,1 16 3e vk vedrer tn dicection of [¥s

| G )
Qﬂc’s’-omc;wézs'-vdtuc ot ¢ mé.rco*-v\ . TRYS oy Ac,;w-\s\t\ O.-.F )

d oS \') cL) = -\..M € (9“'"‘0) FLQ(‘}-!-«:-\- ex.,/-}./)
e 2 X Ay dnsd- 7S
QuY, nw € 1 a po\nl\ﬂ\-f\.\ LMW Arw‘nvs\.\cb
J.
equd. X° JE WY, N
Hene 0...‘:(_?3 = <7C'(,@3.3 r- L\.\.b..‘-_\_; LA = -

\cl.

¢)Write an equation of the tangent plane to the (level) surface F'{z,y,2) = 1 at the point

P0,1,0)R = <FCP) = CuND TN

T% Tﬁ(\ﬂ“\*?\“
ey
F“"’-ﬂ:i
\ore 3 .Q
xhe “:d‘a“\’*‘? %

—_—Y Py ?) 3¢ & pont oF P

/ 144,45 ¢ LX-0, 3430

x.‘.%‘\'%—-ﬁ— 'EO’SW’\ M o P.





Question 2 (64 6+4+8=20 pts) Consider the double integral / /(m + 2y) dA where D
D

is the region in R? bounded by the lines y =0,y =, and 2 + y = 2.
a) Write the double integral (do not evaluate) as an iterated integral in the order dady.

¥y % 33 ¥ SS U..gg’)c\ﬂ = 5| S x-\-‘va)J* Aa
D o 9

b)Write the double integral (do not evaluate) as an iterated integral in the order dydz.

| X 2—X 3
S)(u‘lg\&ﬂ = 5 5 (x+23) dy dx «+ 5 5 (x+2Y) dy Ix
0 o
0=0,00,
¢)Evaluate f / (et dd. g \ I

From pki CA S (r+2)) dx&a = L _:;,:'..ua\ A
° ‘ x=9 2
3 I z—z:\*;i'/ Uy Ak

j(k\ 4’1.'3*'%0\'3 "'.1 + 9 wal

Question 3 (10 pts) The equation 2* — 2¢° + yx = 3 defines 2z implicitly as a
0z 9z

function of « and . It is given that 2 = 2 when (z,y) = (—3,1). Evaluate Pz and 5 at

x Y

(=3,1).
o Taing Poriid derivatve of oot 63d¢s o} ¥ve Fren e,o‘\“’(.u\ Wt X p

we ehkaint 3, - 2 4Y=0 D= 29

3;’--
2 aF (y.3)= €3,1,2) weler Xy
= =
2= W
o LANQ poc¥ia J.ec’oc.‘\’we. o“_w & ¢4 o} Yve Fen cﬂ“‘,\:"\ wet 3;
[ 5% (4 . ° - z% ‘-x
we shkain <Xy %3 ‘a 22YxR=0 = 292 3#;’31

=) a¥ Lx‘js‘b\ €-3,1,2) "“"\"""
ik





Question 4 (91 15=24 pts)

1 1
a)Find and classify the critical points of the function f(z,y) = gzzsg — —z 4yt

(Xo.Me) T8 @ ceXeel poet of g (2.y) ¥ &*(,‘.'3.) =0 = S;.a(xs.u-) -
Sxgde xb-f =0 by, 2 ) = % ,0) & ()=o)

faled= 2y =0 A Y o ore Nre sy ertkical Povig.

B 222070 @ ae - 048 5 -4

fygod= 2= 5
&*‘3“‘1\ -D=8

- t
o (i) Oehkg) 290 D () e
ok (‘,1.- °\ D= "'I( (t\: -2 {O & g =2.£=\>D Q(LIOB 3 pdl\l’

MINIMNMVM

—

b)Using Lagrange Multiplier method on the boundary, find the absolute maximum and
minimum values of f(z,y) given in part (a) on the region

D={(z,y) c R%: (x — 1)% + 49% < 4} X
wWe \nWave Ohedked ’:ii. ?ie.\tc,“\( 9,.2,\»“ ! .‘“s};&’ O 3n ?“.\;(:a\. X l't— ]
Nov Ads che Ave \oondery geinli of O (20=Lender”: -0 3).-—'!/
) Find Mak/win o) gley) = ?‘3'?‘;"*‘37' wie Lageorge Mmukipr7

S e et o 1 ek
wie necedko sowe YLz AN (P-4 2 2 ALx-\Y] g3 uckn " j.:,
24 z 3 A‘a Q3 equiiton
(t-\\‘*"&\'lti &

/*\3"" > ("’1,0)
< . %23 =5 (3,0)
= Ligetz0 D
= A =) A"L :'-) xl" —L;{"J‘ ..O-'-b r 2 4
y40 = %23 Y L B L1 20 L
% A= u-44140 tolution

3:-.0 .2=§ u-\\‘zq = X-\=z ¥FL
2

Node Yk SN £ Ya conkinvovs _y\:i
on 4\ c\oged dmmeth 0) 1} el abso

ek & awgelic win on O-
‘} N
5 (-}'.O)= [T } ologelte MmNt~
& (—‘. o) > -“Li’ .
s—(:’ab) z 33 ) o\ﬂ"J"" et
)
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Question 5 (94+-5=14 pts)

Let U = F(s,t) have partial derivatives where s(z,y,2) =y and t(z,y,2) = y=z. L
ou U /
a)Show that i ya—y + i = 0. S \*
. . 7\

u.1= U;OS%-\' u_&-{aaug-x-&u*%
u;.: US.S% -"U-l'."'?:‘ US.O-l-U_g"J

Wene | _3%\‘-& vty = QO
- - X S
CUe-gUgeatly = xy them ™
g M
b) Write Bayéic = U,y in terms of partial derivatives of F'(s,t). / \4'
/’\ <

""xa = (M*)';. = (’us':\)\a =(u‘)\a' 4+ U "/3 z Xy 2
= [’Uss- Sq ¢ “se'*a]q“ s

Question 6 (41 414=12 pts) Let f(z,y) = { ey

af af
a)Compute Br and e for (z,y) # (0,0).

§0) = wafonk | gox 0 400,0)
¢ a24y%)? Cxregt)
H(x.}), - 29% ¢ (x3) =k [0:°)
(R?a)"
b)Compute 8—f(0, 0).

oy 9
w~ 'S_(D‘O-I-f) _.i—_—(o,ﬂ = o 044>~ 2 sl &-Av0:-0

;ia(0|°) = :I';-QO ,k {,--Q° /b-—. e_‘o ] +99
c)Does gi(o, 0} exist?

L. -0
Aﬁ 8(0 #'B.o)"f“"ﬂ = l?m ‘Oii_,. s A~ %-._ —s'0o
£20 ¢ $-° ¢ €20

s $4100) does net exurt .
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Question 1 (12 pts) Test the following series for convergence.

a);:_n = %0‘« BENTS P3N, S P S ﬁ S0 3Jn | Nenww we con W

Nz y 7
Qako Tesk s Lo Qo o dan QT . SR P L*')
AA02 OCa N 09 71:‘"" nk A N2~
=22, Tws ZOaTS convergent
% .
J,uv\ = b e e = e=1 +£0.

\Bh

N

N\ Wy

o 15 cantinwesd

y Lwergent:
M derm Yot 228a U

Question 2 (10 pts) Let g(z,y) = f(:cf(i)) where f : R — R continuously differen-
tible function with f(1) =1 and f'(1) = 1. Find the equation of the tangent plane to the
graph of z = g(=z, y) at the point (1,1)

3. - 5 (gt L4 5 =5 Y]
= q%(\..l\ = 1-‘, 5.-\—5._3: 2
q,(x) = §'(x g(§)) - % 5 (). %

T A = oL (x42)¢ Teyatolre Y
— —Tfr/\g"\k ()k.o/\b QA' (l‘ A—,?‘:I“\]) "w (x-‘.‘ _‘,;,D (4 (z.—ln -’): o
LX-Y-T s 2-\-\ = O

2x-4Y-3= O
w1y
Ai//”’

T

Z =)





Question 3 (12 pts)

*1 — cost

dt.

a) Find the Taylor series about ¢ = 0 for the function if f(z) = /

0
i 2n

t
(Hint: You may use the fact that cost = Z(l)n(gn)l for all t € R.)

=0
sine cosd = j_-—_“:_" +%_‘:__f+,—-
|

2! :
ve nave
\-cost ¢ _f.?f_ﬁ*._-- ,V‘ﬁéﬂ'
r ?‘- ( ) : 8! v 1t o f:‘\gm)s?
Tok: ~e e 'm*tscc\ ol ooth & de (.V‘:}:rc:h 44;‘““ im“_{& a8 a c.mg,g-«"
v owXxain ecled Jierk)
X 2 y ¢ el a¥l 20N
et gn . £ 20 xS
° 4 2.2! .4 £- 4! Qe t (zn)-(zﬁ)!

b)Use part (a) to evaluate f(1) correct to 3 decimal places, i.e. with an error less than

0.0005.

it AN fertel we ooraincd odove R§ a ConVergank o.\\trmhmj
suen of ,SSN"" W kerns oy on mm’.f.'lnd\":u\ +o

. 3 Xave X0
Sesrtes i WC Mk eceor 1§ \eft Yhen avselutevalve

"/
e e "-l\;*" SVMJ (%Y 2 o

sv
oy Wee. (k4= ‘\‘“‘”‘--— =
Ficsk o) \ 0.0005‘ - [D.000 2000 ‘ Ve
A=z 1 A L= L gL
qat % 2000 1 (.&! 4320 2000





Question 4 (18 pts) Compute the following double integrals.

[ sinfra)dad 1 X
a)/o /%Lsm(m) Y. o .SS -S:'\l‘ﬁxt_)dn' _ J ) S.njl'x")da Jx
4 gy
R A .
\
= ) X sm('.tx"')é_x =;}"J Smu a-.A
- ()

(o] ws Zx*

dus 3Axdx, -1 comA‘
27 °

[—-I —’.\._l = -_—LA-:

| =1 +¢* <1}

b)// + ) Y2dA, where O — {(z, y) e R? 4 2".’0
i

Mv/ J (f‘t) .C. C\f d@ J -§'3 ]

- Q
,u “(L ’/1, Alr JQ
- X = 5 J co?aclg 32 S(..s. :9) cwd
Wn=s3ad
et g= 2 “Hh Mg w@w
oz 5(7—4-\31-,2,)(17( ::/( - 8 S " A\L % -u3
B:-1 A e 2O = = (\ \l) 1(_" 1
c(c— gc=58) =0
| " =2 T-4)- C-1v4)y=8 .4 32
3 [ <3~ 3 9

c) //tandi where

T
Q= {(z,y) e R?| z € [0, 5}, sing <y < 2sinz, cosz <y < 3cosx}.

Let = SM - = coix
J

Then Ki
éxd% \QLM)\AL&A\P whare
LUN)
___1/__’-———— '_:.\, = ;
?L*1\\~ < %\Ig\; —:l;_’_?\_;— - c,nslx—s'-"‘xx\/ ﬁ\ \3
UMW RIS W) * o8 -7, S
\ums\ M VY \2“ _wa\ ‘ k| 4> 0
) R 9 9 en ()
y_(': ﬂ\'
A x
IS4 ¢9,5r»x 3@- £ ‘Y/
v [ %= smig %@LL _9\9’5}1 dudw y ]
sy et L MLV (s
A Henew (§ tost g0 = SS%GM B v y Iy
1 - oS %3 s \ I8 3
i S w \1 A A GEILTE L\w!l,/J
' ‘ju { Vo A ’l Iy
1 3 > / gty = 343
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Question 5 (12 pts) Let ¢ = C U (3 be the union of two curves from (0,0) to (0, 2)
where (] is the straight line segment from the point (0,0) to the point (2,0) and C is
the part of the circle with radius 2 from the point (2,0} to the point (0,2).

a) Find a parametrization for (j and a parametrization for Cs.

1 C.e)=(1,0) : té€ to.z]

nt) ¢ [, 7/ -)
< Cped Cald) = Qa@ﬂ‘u 24 f) t v

b)Evaluate /(y—x)d23+23:dy. = 5(\"_,‘) dy = :,gd,-a + S(g.s) dy '!'?-!J".
&
C 3
on C4 Ax =adt on Caq .dx; —2,5\“’\\”()"\
é‘ﬁsb’y“ é;a - 9 cott 34 S \
d
*+ L {18 2.2 .2cnd
= j @-4) ot « S "(a.s:n{.- act) (-2 rak) o
° : P
q‘lt P 1 = e 28X
= ..: * < s E—HS"““‘ - (,sV\‘\c.S“ ~ %8¢ 3 "]d" écw:x__ > (vreor 1)
> 0 [+ 1'1 ‘f 3 j"t qu df $3EK = JL('(_“,{ 2.4)
¢
s -} - 3]"‘\—:-:1.! i ""Jo a-ﬂh""' * 3 A \v
2’0 L .
. lo 2y Nl (303-00) t & | 3] = "2-7 k722 2¢7

Question 6 (12 pts) Find the volume of the solid lying between the paraboloids
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Question 7 (10 pts)
a)lind the constant A so that the integral fAydx + 120xdy is zero for any simple
&

clogsed curve .

wen indegrel 15 Beco por any simple clod cove C Mmeoans

5-
the vecter éielJ (A\a ) \2°x> NS coffirriVe .

Tws we muly \have 2 (Aﬁ\ }_ (\Lox)
't
< A =120

——

b)Find the constant B so that the integral j[ Bydx + 120xdy gives the area enclosed

o
by C', where ' is any positively oriented simple closed curve. Explain.

Aecall kit t) 0Lss o oounded cleicd sm,\-a,m.g\-.\ Cegaon wdh

QOS\"M% or..\:\'cl \oomm cwive 2WW=C Anen

Acealt) = §5 438 = 35 (Mx-My)dn = j Mdx + N 3y
R 2R

$ a‘b’;}}

Wenve o ae.’c Afeon , we (\ce‘\ M(g,\ﬂ = Q\a
Vye-Myz 4

N (Y = 120X

Qo W,y :=Wo 2O0-%=4 = R=\1\9
H-&:Q)





Question 8 (14 pts) Let C be the curve of intersection of the plane 2z +x +y = 2
and the paraboloid 2z = 2 + ¥®. Using Lagrange multipliers method to find the points

on C that are nearest to and farthest from origin.

Wi ofe atked ko gl Mayx [ mia of °‘“"5.1=3 ={(fx.o\1'-t ('3-03\'1' (%'O)r
(or ¢1u!-ua\u\\% Max [min of %‘*c’}t\ S eyt *“L, ond Yeen Xaxe
SQ"“—""\'B ) S“\"ﬂ“" X0 Ywo congiranss b "
T s .g."l\é Max/mn  of J(&-“t): :\1-\-;\"*'2' o0
ek £ s goiqdl s € ITETE
end ) = ¥ XY T

and golve dre sgihm:
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9y 1 & » vMl | § Lineer egvaf“"f  5° con

0t 22A -

PO FR
*t* “,b EO
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23 = -l LE Az 1—",‘1.(—\) = 9
¢ Xz -l43 _ L _
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€S 'm-po:l‘“'-' Y
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Question 1 (64+6=12 pts)

(e}

n

The sequence of partial sums for the series Zan is {s, to2 | where 5, =3 — e
n=1

a) Find a,
Snce Sa= O-\"VO»'L‘Y -~ Q- ¥ 0«(\, aS\d
S(\—\ I W E I Q-4 , e \have

—

Vo W S .E /-
Sa-Say = Qa = Kz— ﬁ—)« (%/ ﬁ;})" on
2" z

l‘\

S Oa= 02F \dasuz,--
o

2

\\

b)Determine if Z ay is convergent, EXPLAIN. If convergent, find the sum.

n=1
) ) i i Ba. Heace | adhebi
L O“\ (Y Ae,S»‘\CA aAAS N (o s-(\tbb’uv\t J
=\ ‘/ 3,. X
A
id.“;)’ms‘\: b (3—/-) 7440‘ 2
_ e n- 0P c le
h=t n= P e,u\nl.mf exl "h NG (R" 1
ﬁ __)(— ..-./ 3 - JLM x4dal
33— 2 XAnL ~ X @ A2, €
r— 02
= 3-0 = 3
T hv

d %
"2 o, = 3y conv t"‘&"‘“





Question 2 (74+7+7=21 pts) Determine whether the following series are convergent

or not. Give your explanatlons.

3
oo 3
a) Zn— = Z Qan wheree  OGanc= %_70 \7’{\:\,1«. =) Ve can LSS
=t a=t 3 RQakd Tk
3
gom Ganr _ o O 2 1 (Am, M‘) 4 4L New
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N O A 0o _ NI
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% a 0o N n o
- _\) - e« CGa=
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. TS Y e q\)( e¢ (\a}ﬂ(\ﬁ et S

.J'W\Q“z-AvN\ = =0

Q=02 Yl (e
-——"O‘“*\ Ll o Gox Lan = G&a S Accfca,\[’\'(\j
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an é(o
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) o rqeat
Sericd ":Cl'f} 2 (- An § Convergen

Tl $ \ova A\«\cr(\ca.‘bl\a

= 1 00
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Question 3 (6171+7=20 pts)
. . o0 g2t g8 b
Given sm:c:Z(—l) m:xf§+gf~u Vo € R,

=0

a) Using the above formula for sin(z), find the Taylor series expansion for cos(z?)
about xq = 0.

o o 207\ ﬁ- o 0|
-\ _ (,\\ é_
cos¥ = é‘s\*r\x;ézc}l@—- = z_’__,_,\_éx)k
ax Ax 0=0 L:u\-h)\. az  (2an)|
= z e 1 4
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N (2nt)! nzO @)\ 193 4) )
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Hente N |

= v 3

cosbﬂ:?—f("\]i-z Lok e X I xelk

|
Az O (20)\ 2 4.

65
b) Find the 65t derivative 1708 cos(z?) at the point zy = 0 using part (a).
%

™ Q) R " ,(.‘M;‘f o] efror teron W %eco
See £ = > 5§ " (r)row&e) that 4 .)/

n=0 al .
68 ) £ o)
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1 34l
¢) Find COS(E) correct within |error| < m using part (a).
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Question 4 (61 10=16 pts) Let

IP be the plane x + 2y — 2 — 3 =0 and

L be the line (z,y,2) = {1,1,0) + ¢£{0,1,2}, t€R.
a) Prove that L lies on IP

. /
Any Pom{ Pix ) o0 L has coordinades P (1, i*‘ﬁ at) forsome té K

- o -(')’6 (ron o) J'hcplan'e GCCGtVJCz
ond Coocc).:na'loj °ﬂl these /ﬂo'ﬂ‘b S +JJ3 eq %

LD +2(aet) (D) =3 = L ~2w2t
is alvo on [P

-2t-3=0

Henwe N por'\‘t P(x.9.3) ¢ L

b) Find a parametric equation of the line I; which lies on IP, passing through the point
Py(0,0,-3) and perpendicular to L.
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Question 5 (61+416=16 pts)
a) At what points of the plane is the function

Fog) = { s 1 @) # (0,0

s,

1 Hif (z,9) = (0,0)
. 5 )
continuous? Explain your answer. A(tn Awo uac:a\olcf

© L s
ik (0,0 (x.Y) T gven as a catio of poly
’ \5\ - ) ik\f\ (\0:\%«'5; denominator ) ente £ O comtinuev ( VQQ))‘F(0,0)

3
d =0 By T

(
2k (0,9) dorn £000) = ey X
(,&"ﬂ\—%(o/o)
o 2 \ = \»a\ A— £y
x-«;j
x‘ﬁ\—s(d )

$nee £(0,0) = 14:0 Clm)v oy /S ro not contimvoes " At 00,0)
LY a¢o.v)

b) Find the limit  lim

) along the curves ¥ = kx where k is a constant real
(@)~ (0,0) 22 + ®

number. y . -D 5
’ kx) VRN P S
J,:rv\ _,X_a—- = /O'N‘ _)i_L__—’- = X O v Kg)ﬁ
2 8 O + ) X
(rg)=000) ®+3 = 4 (e
a\eny 3 _ O - 0 ._
v X _— = ==2=0
"6 A= O (+ KX [+
e
¢) Does the limit  lim 53 exist? If it exists find the limit, otherwise explain
_ (@) —{0,0) 27 + y®
why it does not exist. y (uh:ck atses Hnrw‘ﬂ\ (0‘0))

Let's  Oned the Xanwk  aleng dne curve X=7Y

Lin gx) = 1""‘0%(“3%’"3)
Cx.:\\»(O 0) A

a\»c\:& ,\a 9 L, )
J M / = /(mo T =7 -4
f on Xz
sine Aontis alan(; Mz LR gnd Anit a 4 y
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Question 6 (15 pts) Let f(z,y) = 6 — 2° — »*. Find a vector equation (parametric

equation) and standard (symmetric) equations of the line contained in the tangent plane
of the graph of f at the point P(1,2,1) and parallel to the zz-plane.

®

1 L
= %t
2z )= 6% Y S0z -2 = 5 () = 1

Syl =-29 = fy00)= -4
% R//(‘Z,-Q)“D

o D
\\// \J = (’Q: (2, W, ﬂ_} canVoe taken ‘\
. // "’Tm"u‘(’p/ang, as o (\b(ﬂ\a’\ ‘\,Q(“Or °,}-‘H\&'&M3‘f‘
IP P\c:\Q.
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Question 1 (12 pts) Assume that /° has continuous partial derivatives and the

equation F(QL’2 — 22, y2 T QJZ) = 0 defines z = 2z{z, %) as a function of z and y with

continuous partial derivatives around the point F;.

dz
a) Calculate %(Po). L 7(‘2 LS Ug=2X Uy=0 Uy= 2z
e =X =

V= \JZ—(-X& S Ve eZ , WY, P, = X
fek's take ety X o F

F -2, ‘-aL+ x2) =0

Then C

/ N\ o Se,\-
L v with refgeck Ae X wsing enain ¢

7\ JARN

X 1 z x U
1\ ,{\\d T, (Y. 8) ,\-F (W),
? )-U (x.b) - %XLX.j){—\?\f_(U.\P) NS s

Fo (uar) - U b w®) F%(U».\P \t\/ - )

R R 'S
Lx -1y o (-, )

T2
C (gt ast)t T
2, (x8) = 2x. Fluw) « 2 F\,.(“;‘il - ZX "L(" A _a, yreed)

2
Logr)—%x Fy (n
21 \:u(.“.\l'\ - X F\,_(\A‘\,f-) 2.2 Fj_(i"‘-%",‘b _‘.,3

e Awm E=2% y
ule

(X
\t—ﬂ'/

TLld) 2, [xy)=0

Thus

b) If F, =(1,2), and z(1,2) = 3, using appropriate of the values
a
Fi(1,2) =4, F(-8,7)=5, FR(1,2)=6, Fy(-8,7)=T1,find 8—2(130).
4
9 F, (-8,2)x3 Fo(-8:7)
M

2 T .,
- Fo(1-3, 2«43 _
12) = l,l,ri(11.3112+i.3)+3 2 =
2 (1,2) 6 F.(-87)~ Fu-3.2)

2.3 F (4, 23 - Fo (153", 27<13)
- 2.5t 7 _ 3\

PEEE e

G-s-F LS





Question 2 (15 pts)
Let R be the region R = {(z,y) € RZ; z? + y2 < 1,z > 0 ory > 0}. Express the

double integral / /f(;r:,y)dA as iterated integrals in Cartesian coordinates in dydx
R

order.
/

40
oy dd = [ suadh Jf g

%1\ . S\QJ:V“_U Ra e -
J 2 I wdimx

" i
— )O S PR d‘&d" - j ) £ 009 &*6 dit
"1 0 0 et

-\

Question 3 (15 pts) Evaluate

2 G 3 2 = VotZ 3 2
/ / BQw —3z 712a:dxd,y +f / 621: —3z 712mdxd,y
~1Jy 2 JovgTE

(Hint: First write the sum of douLbl% integrals as a single double integral in dydx order.)
$=x""

A x = Vyry = x}:j*l oad X790

& '\J=X1—L ¢nd X O

—> X
1
-1
2 3 -
. 2 X 2x3f3X7'~|'LX %ez’,x%x?—\lxsc\‘
— o 0ot dx =
Vatrl ! — 0 dx 5
S'L ’ ¢ ]&xcl + 5 S prauaedy = 5 ) < ¢ -1 Y=
- 5009 3 - 4?"_’: -1 X2
9 20 9 ? 2 \
33 xLALX ¢ A L e l = 4 (e- '},o)
2L 2% -%x% d _ ,’LS e d\k = 6 () 4 (P
e 4=t
-] ) AL
VAN z-1 = W= -L-3¢%
W= x ° Rzl =5 U= lé'—l’L—Z"l=_2°

du: (6% - Gx-11) o
N G dx





Question 4 (15 pts) Let D be the region ) = {(x,y); 1 < 1?4y < 4}. BEvaluate
/ / In(z” + y*)dA
D
O=1¢,0): c€Lu), OE fo 2] ¢
¢
A
S

—~ C")C\F
37" SI.Q(“’LB CdFAG:ZﬂS (‘QJ\T’L
L% = . - ¢
BS »thxlkﬁba")‘ o A gy\f,z,rclr
N i
T A L R R )
1w AV
dus A)de = 7([( qinz,-t,) _(_‘)1
NP2 ) R(sz-’!})

Question 5 (15 pts) Find and classify all critical points of the function
5
flx,y) =2 + ¥* — 3zy + —x*. )
3 JL(P) = (P
Po (Ko, ¥®) T3 @ cridted) ponnX X4 <I4Ps) { £y J

I @) = O =<0,0D

3
3 sx =0
3 W _ Q _3(',_134:
L e = L~ 3% « SX :’o} @= YL = 2x 3

ga,(.)(.j\: ) -3x = O

1y = O
&)

A ox (sxP-£)=09
. -l
=\ x,=0 ) X212 2\3: , X3 o
The Sed o o\ coXice) PN TS }'*?1'92 ,?32 whese

—

1 }_—\—3 o
P2 (00) g,z ® ,93(%%')3 ),)

&

(= v
Sax = 'L{WX ’1 Ay = 5,40 &gm(x,\) ,,g_:‘jcx.;g = 2(24\WxX) =9
gy e (

fey = -5

- ; ( ) ’.o—"> j Q §> N ’\‘ ‘ \‘k f‘c (\ MA'X'
(& /5 C \ \ \ (.S Q \ ~ (| V\. el

notr  decal N\»"'\)

NPy = 2 (24 '19:3‘9 >©7 P, ¢ Jocd minmom posnt.

ad
° Svx (OL) = 2+ 1S "LSO

W T o t
N (Pa) = N D> O ’) 0 ,focchl minioiem P a
00 3

Sre (P = £y (OO
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Question 6 (84+4=12 pts) Let f(z,y) be a function which has continuous partial

derivatives at the point F,. For the unit vectors @ = %(1,1}, and ¥ = —(2, 1),
directional derivatives of f are given as Dgf(Fy) = —/2 and Dzf(Fy) = /5.
a) Find the directional derivative of f at the point Fj in the direction of the vector {1, 2).
Sine § os Centwous  poctial dedvativeg at Po it d’ffcf;nfrcblo ot %, aad
Wence gor gy unk vecor & = {8,802 , Oy £ o) = Tgce) - OF = SxPo)- Ay + £y (Py)
Heve o Qo we oo g & gy 2 - ﬁx - L S xdy= -lx

o _ =S
Sw %'f « &y L-’\(}): & i 3

T B fz 32 §,00=4

_ w2
() = ~2-A = 'ga (@)="3 ¢

! S D £ (pa)s Q1) -V VE S rf—("é)
d: . (/"5‘ oy 15 She uatkveetse in drecfion of L1, 2),5° (_;‘.a.;_) - ,(g

b) Find the direction @ in which f increases the most rapidly at F.
- . AL ) and 3k
SN 0,.,5"_ () = Q/S‘_(?Q,w = l\q&(?o)\\-COJQ < MNF
W

- (_0@)
adront s MaXivwas o c\ve ’\)S 8-0 Ahar g C,g_ W -~ E{”—
> / W Cip oDl
TV\“‘S ® = <‘ 4" -2 = A <, A -3 Tov Mm a,\j-o {-«\(c
W { (0 ’ > ( i 0 :’\7“(’.) = 4D or ong wc"ﬂ‘)
o in ks dirtetion

Question 7 (44+12=16 pts)
a) Explain why there are maximum and minimum values of the function f(z,vy,2) = zyz®

subject tox+y+z=1, x>0, y >0, and z > 0. ) o oo oc
Since SxvMdy T8 @ Pb\‘&(\("v\:‘-l i 3 Vel X Confinpus  everguiere Tn Prrrits

2 o M clafed ond \osunded cegion O oad e f el Max [ mT0
0 on 0.
1
4 .
% b) Find the maximum and the minimum stated in part (a) using Lagrange Multipliers
method. >
nd Marfwa o) LY 2)= Xy 1 s 4= A <9
3\.\0’—&(,_,\'- 5o %Lx‘up:\': ij—r%’\ =0 ‘3%1 A y e,(tua{""’n-(
(& E A o
3 l .../ﬁ.f
2t = A “ Mé
d Xay+ 1 g2 1
N
Eiept of Al sne X209, 9, 220 ¢ vondorg O O
TS0 daynéD  end endire
e = xyr 20 a Henee
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. -0 ~ <% 2-=0
¥ J C A J e on Ane ed,ac{ O,f-

hek s X=0 o or
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Question 1 (3+4434+4=14 pts) Let R be the region bounded by the curves z = 0,
2+ (y —1)? = 1 and 2 + 3* = 1 containing the point P(L, 1), Write the double integral \/*{A, A
~\\"
/R/f(x,y)dA as an iterated integral: 9 /(t‘ﬂ!"f" ) Y= ¥
a)Using cartesian coordinates in dydx order. \
Gl 6‘. =
5 S £ () 63 dx 'h
O 4/@

'.—k':l")zz vy (= x‘l)

o
eyt =
3 = '/-L '3 x=£§£

b)Using cartesian coordinates in dzdy order.

x ~
([ \,\‘V\\ ! N dyv é
L X
| g sy ) | gy
1 Q
0 o L Jel= ) an®
2\ a .
¢) Using polar coordinates in dfdr order.
A L
S &(_ccu'e,rawa) < A@ e
o) orindy
¢) Using polar coordinates in drdf order.
ah ¢
Ab ,Ls:;\Q S {\4‘-‘,‘9.((«\9)?3? 9

3 S&knose,cme)rc\‘w N jn/é °

o) (@)






2
Question 2 (12 pts) Evaluate j{ L dr + vy lnx dy where C is the counterclockwisely
c Z

oriented boundary of the region in the first quadrant (i.e., in the region where z > 0, and
T 1

y = 0) bounded by the curvesy =z, y=—, y =—, and y = —.
2 x x
(8
& N dy + *a!m( Aa = §n(x.~33alx.\— NCX.\j\dé: 5;% ‘3,,*
(& xl C ~+

M%(m\: 1,;@, 1
Nytede 2 J

—2‘ . ﬁ‘x
W\ e c,cw\pew\-{': °J- -\":.(M.NB hae y Y D
ConiN\ovS po(‘{‘tg\ J(,r’.v“hw{ on R,xa an . ?Cem\s
3R, =C ¥ poﬁ{:w(&l orieated clased curve, we can
xg”

(xw¥), g(u.\r))\MX du dve
= SJ ’% A(\sSS QM\O\.@ =) g%\"‘“—/ \ Lo

= Nx"'M{].‘ —% G

Thm!

d (_\k\f")

RQV‘ w W \/
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= w
- =\ , Y= e
¥ e <
].b’f '\15%‘ } 35}' PN W2 3:5-8‘9“
%
VZRA 2 4
e O ~ =
A W) gLk + = Ao’(\ < l
- Ve Vg ¢
ey _
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o0 -1 2n
Question 3 (84+4=12 pts) Given the power series Z:(—l)”(m )

n
n=1
a) Find its radius of convergence R, and its interval of convergence /1.
20\t L 2
o \Go21) 2 4 R Y W % -%; \
[ 2] —
‘ c a0 fest: A \ ~ s
L"" ‘ aep\‘a N fo Oa Na e n«x\ \X -\
\\‘L
= \Xx- " )
ot T \x-\ <L l‘t\'\«* S
Thws en PoOWRC Sectet T8 € oy }
N
w4 A L Rene R=4 (-
0 3 2

V‘b
o d(}gu‘ﬂ\:(’ﬂu g(\’f&f"&\ 0‘} Co(\v\r%d\‘c :S' \;LL".S ohwlf..‘l' Q“’d-s . .Z )L J
s o N 0 lw\ Az D L ‘
X=0 = 2 ("\\‘\ C:-,‘,}’ = (‘\\ @ Q’ > \o ° on \D c.w\veqm

o 4 bz A“‘trnm‘/u Jecied
ho n W (7. 9L
Xz L 2D ’Z_LA\'\} - Z( ) lr—\ c.mw«-s\..‘-( ff ;
ne i n Net Hence v - LO, ]
b) Find the value of the mﬁmte sum in part ( W})\en B = l approximately }agmhm
oo 2

o pren - 2ot G Eer
0,% =

a=t nzt ~
t A
" N lt‘crna}c‘t\a gecieS on
< -\ )\ jgona NN .
= N b N ‘}
Az Q - glt“”‘ -
= A 21;-3+ T \SN’s]L VA
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4

?v’ -Z 32,'
\ecesel < | 2 3\ \9.0
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Question 4 (6 pts) Let {a,}°” be a sequence satisfying lim rn®a,, = ——. Determine

n—oo 018"

whether Zan is convergent or divergent.

e Tlad. g 2 < Ly ool 2|2) a&m’“wo
o4t Ga)\ - ine Hen ——— = ke
e N> Do ’:;;, n- M2 Nnemle c,

‘)3 /{.N\'\? COM(\MJN\ q)c C\‘“W" \00»-}\,\ Z\a,\\ and ’i.)- cor\vrac Or
\QQJ(‘I\ d\\\)c.C&b . S 24\-’ RS Cec\\ld‘bm-\' \96 Q-’t‘&\- (DP \3 'nﬁgors\

,\,_*) g0 ¢ D\ow\. Tyus 229 3 (ak).So\u']'c‘a:) canvergb.





Question 5 (8 pts) Civen that f'(u) = sin(u®), f(1) =1, and

\ g () -2V
2(z,y) = f(xf(y?)), evaluate 8822 5 (W= <°

. when (z,y) = (1,1).

e = - Uiy ) LR 50 2
:’x; - 2ge s @), =2 ,%;Ig (x $149) 4\ : )ﬂ
AR A E O RS G430 )
2y cof QK",SL('&L)) , %(“"B-X By
24 sn(y*) 1”’ x $080
i ' (

N <N ( Vg &1‘3\'3)X

P -— 2
— 9 s:n() \’2 50 eod () £0) & son( 4 m)}

z1)

=

Question 6 (12 pts) Find the absolute maximum and the absolute minimum of z =
flz,y) =2 +z —y* on D ={(z,9); 2* + 2" < "
First nokice thet pLey) 75 a polynomied ™0 1‘!;)'0 vaﬁ:‘:'dz/:ndmh,;r;:;:;b gu:va
H . Ve aJ a o .
00 the cloged ‘? \00‘4\4"‘&. d;f:\»mu? ,,D/oo.‘ "\7{; hlcf fcf° ;-k/ J; vhih f or j; dacy no? exil J/
s\c\u.\o £ h:i/no o'*é"f e et af orcticsl B o0 @ the bendy o D |
0bs- Modt/min :

. Lets JA{'J‘& J:?(\ol all ot pON\‘U N D:
RS N g M)

5y = -2 roXre onyy crdeel gannk , ond 3\ Aies :-'\R:;LO{.L
- Cxte2yts
e Sccondly el Sve bow\dwka, pts of D-. e (xY) st mu/{.pl“
e/ g Mas/wo of  £ley) = xtey- W ‘X wie l‘i?:/’}zod
sdogek NP @lay)= -2yt -1=0 Methe
sk LAYy L Sacs 2%+ ;‘—_zz\ (2%) ¥ A%
gj._, —lﬂ:A(lfj):Aﬂ‘a

9
ey A

- 3 Un'lll"v"‘] ($.VIA)/
(3) - - 3 (703.\['\1 @
420 D X275 (49) | (-1,0) g
T 4. F=
< to B 4a2d o dcy S et eTX S x=F = = ¥y DGl 3
= — L. L_ yxt
ot oo nitod o 2 5K
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Question 7 (3+443+4=14 pts) Consider the curve C that starts from the point
Fy = (0,0) goes to the point P; = (1,0) along the line segment and then from the point
Py = (1,0) to the point P, = (0,1) along the part of the circle 2° + v* = 1 and let F be
the vector field ﬁ(:c,y) = (" +y,9° + x).
a) Prove that I is conservative in R2.

3 - (Q,Q> whre  QCRY) 5 Ct\-e"d
Qui = ¥ *X

'3=1 :QX MP,Q,“"":‘

1
contirwovs pffrt:sl derfwf-w.! on 14, ~
CoNn Servatae -
b) Find a potential function ¢(x,y) for F.

< hy) = L d?x, ®\3>: —l; = L 9, Q> =\
@x“ P - 6&*‘3 = O Y= ex-t- x*a« CCSX = ¢“= X« c‘(d)

S
Q

> X

Q

. 1 3
by=Q o x+c(g)e X4y @ Q=Y P A= Fyc

=\ Q(&\\A\ = ex-e‘l‘& < -‘§ (,‘,er c= Q)

¢) Evaluate /

F.ar using the potential funetion you obtained in part (b).
c

S {;.d: = S < Cb Ar = CP({crmﬂu\ 0x) — ¢ Gintdie\ p{’) 0
“ < = g (o) — ¢ (9,0) f—(e?-\—O*i) —(e,+0+7)
= 41« J3' -1 = {Zz

d) Choose a suitable path and evaluate f F.dr using path independence.

e con chosie Yhe Ane Sefmen & ,}rfm 0s (9,9) 4o P, (0, 1) 9,
S ao&? z g?u&?‘ = S P « Q,A*a = “_(ej-ﬂ:).o + (t'+0) 11dt \
7
A 5 -

= -0
)= (0 4) = éX’%dk -0d&

Ee (o0\ dy: A% Jr=4dt
AL

£\ = -
__5-\03





uestion 8 (10 pts) Find all points on the surface zyz + yz + z2° = —1 at which
Q P P Yz +y

tangent planes are perpendicular to the vector i— 2k.

RUNDE(D) = Lqaed, xBrd, xy~4~ 2 t)

Qﬂ/\
as OJ\*N 5“’3"'% %

\ﬂo\t\%
5 <IF@ = A (l.o,—‘lb (Az0)

T
Crxyd)e Yyt .g‘a%’\‘ﬁ% xt= O
2
xqz ¥ QT *rE =%
2 Q try 1D

2y TF@ /] &0

ARLRR) 2 Q) oa«-a(—i)i
O S R Y
WAY Y21 S iypwi-gxlzo = 2= LS (Y=
n.)xn*‘u«x't‘t\=°‘3*”“° (4) L v V.2
. -1,2,-! e yesd
fona) € Jeon (10 ] S

Question 9 (44+4+4=12 pts) Given the plane [1: z + 2y + 2 =1 and

—9 e
thelineL:x—lzy—:z ¢

, determine all values of parameters a and ¢ so thag,

a N> L‘tq'lD
a) L is parallel to IT but I does not intersect IT. T
S A —
L/A = Ve =0 R / il /
= 1«20t ¢
0= (\l 0\19-5' ( \‘2"\>
7t

g e FLXTE £/ EHN\CF 4
b) L lies on TI. and (?béﬂ-jx
L 2 on A =D (L//ﬂ— &

=> \05'3/1. ond c:—ﬂ

¢) L intersects with Il only at one point.

NN Ty
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Question 1 (12 pts) Consider the line f : % — ?”I—S, 2z = 1 and the line
h:x=—1+2ty=3+¢t2=1— /5t
‘ - o Ay = (13,8 W=4%2,4,0)
a) Show that the lines §; and & intersect. i \ 19, ) 1= =
S\he gof eadh @eink ay t\J z-—a,J P\ S
-
= \- ER 242,45

iy Mave A= 1-d a4 3. ‘{'L R (3,2, 5, Va {2,4,

Henw 1) Riady + ¢J they meit e\l
UJN’\ 'é - o . 30 -”ﬂg -I\-la /)-JJ’|“4— rﬂh’
Secdion p-vm-k W P(4,31) € '61
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b) Find the acute angle (0 < 8 < 7/2) between the lines 4 and L.
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Question 2 (16 pts) L

o0 3n
x—1
Find the radius and of interval of convergence of the power series E g

3n 3 — ns" P
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Question 3 (12 pts) Determine whether the following series are convergent or diver-
1

gent.
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Question 4 (12 pts) Determine whether the following series are convergent or diver-

i} and ouly o =5 L
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Question 5 (14 pts)

COS
a) Is the series Z divergent7 conditionally convergent or absolutely conver-
ne
gent? T A S e
ceS ALY = -1y, M az1 A

ent .
p-terd (0% (\) . R T aa sy nok sbseluliely conve] n

2y . Al = O . Noccouvel L A
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b) Is the series Z In 7t 3 convergent or divergent? If convergent, find the value

of the sum of the series.
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Question 6 (8 pts) Is the sequence { on
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Question 7 (14 pts)

0 (_1)nx2n x
Given COS ¥ = Z ——— forall z, let F'(x) = / tCOS(t?’) dt.
0

in (Qn)! éael
a) Find Maclaurin series of F'(z).  ¢q oo A
iag " 35 (-0 4
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Question 8 (12 pts) Find an equation (in any form) of the line [ which
lies on the plane P : 22 —y + 2 = 3 and
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Question 1 (12 pts) Find the following limits, if they exist.

mSyS
o +,y€'m 7\ © = 47 1. "o'w‘ O=0. Henw 1S gwen
S " ' . o D
Along X axi x 20 ylep? A0 X% - L:MH: e, b e,
(y=0, x—9)
Ve —-)(3- DM KCX}) = A"’V\ ’_ = JM 'lz—‘Si#o
0 A\er\a Me cur :‘)— ' ra O x‘z ( J) X O zx\'b X=0 + %
by lim m Henee dimit does no™ €xst
(z,y)—(00) 22 + y? .
xEsing\ - X = \,S"-f\a\ < l&ng) . Henee \oa squeeze Y
X.L-cd'l— x’-.r‘d'l_ J”M \’&‘*I?\\so'A‘jdr\

Cr.9) A0, Q)
al &)= (22) \°g So\u:_eu- Yom 'li""'ﬂl‘ ,QH."JJELH#D,'

' ¢ .
O ’%x:%afo :) D = O

Question 2 (15 pts) Let D be the bounded region in the zy-plane bounded by y = |z|
and 3y = x + 4. Express (do NOT evaluate) the double integral / /f(x,y)dA as an
D

iterated integral with respect to g 21 %\

a) x first (in the order dzdy) 392 X+l

g o g

5 J {—LL‘:DAX.AU + 5 5 f“v‘ﬂa‘*"\'} ; W —D X

=X+l
° -yt e
“se )
b) v first (in the order dydz)
oy 2 52
3 =
5 J £ LX) Ana dx + TR o{? dx
i y&, o X

0 52, Sg%“““b dydx
}7 -1 il





Question 3 (6+643=15 pts) Let f(z,y) =< 2+ 4?
0 if (z,y) = (0,0)

a) Find £,(0,0) and fy()0, 0). 43 o 3 )
- (‘f,,O)— (o, ) wr - A = = {0.0
b, W e B2 g gt

t=20
o LOR-eR) g £-0 ). 2.lm0=0 = (©.0)
faog + ‘-(;0-10/—&"-6-40 $3 44 ¢

b) Is f continucus at (0,0)7
e . lxX Lo Henw G At exiels

ben S0z Z==m 2 2
(x4 2(0,0) xae T ¥ 4 it be 4 ot f0,0)= O

S e Seo
1? 7 m} Contnous at (0,0) .

Find the function f,(z,v). 4
c) in e function (:lf ?83*3*1_)(*1*%1_) R ij _“(3) ) \ax-;*\a'.l* 3Xl'-r3x1‘31- "1.‘3__2_‘,

CA‘Q\ +C°;°) =) &K (x"j) = (x']__tn'b)'l- - - Cx-"*a'l-b'\-

1
b, yd . Bxtg -9
D = 00) o Sy (®0)= L (pem gord “‘3) = X7 %ﬁ; ;
Ao x" *:,"‘-v Gx"'a"'—"za ) () F o3 (2
= (73_‘_:101—
%}X.:‘D =
1 Y ) =(0.)

Question 4 (14 pts) Find equation of the tangent plane drawn to the surface the sur-

face xy” + sin(zyz) = 22 + 1 at the point (1, 1,0).

qFU’o) N ) )
1 A ’@ F (+1.%)= O L Flry )= XY + SN (xgE) ~2X -
T™hen %';.vu\ surjoatl Col Yoc e,y.(:res:n/\ aJ
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ho) w2y~ = O =) X=+213:=}
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Question 5 (12 pts) Let g(y, Z) = f(y, 2y yz) where f has continuous second order
partial derivatives. 9=

a) Find % in terms of partial derivatives (that is fi, fa, and f3) of f . 4 /\&\u,_\aq_._
\
%'k(-%\k3= g:b -t Ss I ﬂg L&/ &
8? 32
b) Find i in terms of partial derivatives of f. / \ \U\
Yoz 4 7\
L T W S (i ALY v e
INE ﬂtbt\_“(z )
= S+ L2 v 5 “3(%1"433%} 33
T /N
+ &

Question 6 (3+8+6=17 pts)
Let f(x,y) =2y and D = {(z,y) : 2% + 2y + y* < 12} be the region bounded

by an ellipse.
a) Does f(x,y) have an absolute maximum-minimum,on D? Explain.

SiNe L) = %Y oen @ golpremial IN RS continev) en cloged
ond  \oounded Ceoatdn 9_; s Wag o,\qgo\u\g_ N\\ofx./m.m on {)

b) Find the maximum-minimum values of f(:l?, y) — 2y on the boundary curve

24y 42 =12 0f D. he |
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X
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¢) Find the absolute maximum-minimum of f(x,y) on the region .~ %
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Question 7 (646+3=15 pts) Let f(z,y) = P if (z,v) # (0,0)
0 if (z,)

I
.
\.O

o
T

a) Find the directional derivative of f at (0,0} in the direction of ¥ = T - 7 by using
the definition of directional derivative.

\\;.?'\\ = , Wnit vedse e e tion a+ * T <'JE..’%-?¢>

A

don H(OF 00 R)-Bom) o 3 RLR) yL ag

tao L — T +4o0 L P ;y'";k’
- A
2 (1
ks

b) Find ﬁf(o, 0} and evaluate ﬁf(o, 0) - ( where | 7| shows the length of ¥ ).

i

3
-Q-N‘ ,9(-&,0)—,9(0.0} ~ Li~n i—L _ /LM _
koo + (Jz::)o 3?' = i L=14 =70 00)
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SHoo). s (4,60 L g o

¢) Can f be differentiable at (0,0)? Explain.
§ con not be difgerents rable at (00). Becawlv,
DLlop) = TLlo)sT [ ows as cale\dred tn pork (o) < ()
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iy T ned Yhe cate.
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Question 1 (34346 pts) Let S, = W be the sequence of partial sums of the
n=

o0

series Zam = O

n=1
00

a) Determine whether E ap, 18 convergent or divergent.

n=1
l
i Aot
{im S5a = 4 :_ﬁ: - ;t_—_(_?_,_L
n— Do a st sl vy AT NI 2 fi
ar ¥
1o i vecgent
2 O = dinn Sn = 2 - -yl il J
Nzt N\=aPe

b) Find lim a,,.
n—00

%_a,\ S Cot\werﬁm‘(‘/ ba n‘ﬂ"{trm.z[uf '/m Q,=0

s'\ AnCE )
A= n - o
= a
c) Determine whether Z T s convergent or divergent.
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0 < A_ ( m} "N(e z_ Qn il be\uc!‘%'ﬂ-tj ba j"mI{
ns=|

compP oryen ootk ol S DY conuefJ"'Z"

N=1 l‘ra’l





Question 2 (16 pts) Let D be the region bounded by the curves 1y = .’L‘]/ 3 p= 0
1% g ) Y ; )

and y = L.
region D and evaluate jg

Let C be the boundary of D, oriented counterclockwise. Sketch the

F - df where ﬁ(m,y) = (—y,z/y* + 1) (that is F(z,y) =

C
d + clofed fca'-°‘\ .(VIorcowr;

—yi+ (z/y' + 1)j). Notcthet D 15 Stmply cenneete
N‘x_\a)': X \l\al’-t-l have

M) =-9
Coaf.nuous \Oar"C:ﬁQ decvotiues @q«aw\\(rc,.

9\ 10e ~3=x'/3
:5 C =20 1§ gesitiely ocieaXed. Sa 3 Greens
2 X Theste ™ &(MJN>' or = .SS(NX-M'QBAA
c 13 0
= SS Q\la"-rl +4 AP\ = ) J(\l\a"-rl +\) dx J"a-
0 o o 5 —f
N\
L)@ )4 o[ daTx,
S .
31 - L

. L2 4L
6 y 6

Question 3 (12 pts) Let S be the solid bounded by the cylinder 3 4 y2 = 22 and

the cone 2% = 2% + yz. Sketch S and find its volume.
(8 2 - 4
=y (x-) * 0=+

Xt—2x + ‘6"-‘-’ S
%—wx
~ N\
; %m
v

) =z Vitva = 2V, = stxx‘:f\a“' dA
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3
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\o= b j
5 S | 39 T . ii





Question 4 (5+4+4-5+4 pts) Let C be the piece of the unit circle z* + y2 =1, from
(1,0) to (0,1) in counterclockwise direction.

—

a) For G(z,y) = (2y,vy), evaluate / G.df
C

IH C & ?H\ = ((olt,s-‘n‘t) ;€ € [N, /T/J:l
i c B

\\ (‘?Lt) = {~snt, cost D

\ g " Geuv = Lot snt | snt)
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¢ 4 ]WIL
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- 1 - L
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b) Let F(2,y) = (cos 2+2xy, 2*+siny). Without finding a potential function
show that F is a conservative vector field on R? .

0
o

2- e = 3——((-3)( 42!‘&) - A1X .
PR (x*+s '\"A\ 1y 2% _ Xl in Vnav e Condnvams
S ate N\LY.‘\\ =z ¢€o (% = 1!3 6nd NC"’D =

@Surk:G\S evtr?\dm an N* = U\‘Q y 2()(.\53 s C&\‘\Sffuu'\.v&.

¢) Find a potential function ¢(2,y) for the (conservative) field Fin part (b).

¢x =M: COSX-rl"‘a - @‘x-ﬂ3= SIAYX + x'l\a - ’S ‘%)
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—

so< a Yoccavie I = ¥F-

F - df where F is the vector field in part (b).

d) Evaluate /

C

~—\
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= (- cosi-etixé')— (snd -\*7.4)

= 1-cesl-sin4





Question 5 (16 pts) Evaluate / / thcrc D is the region bounded
4a% + 9y~

by the ellipse (2’1)) + (3 J) 1. (Hint: Use a sultablc change of variables).
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Question 6 (10 pts) Find an equation for the tangent plane to the surface
9(z,9,2) = 0 where g(z,7y,2) = F(zyz, 2t + ?f T 22) — 5 at the point
Py(1,2,—1) if F' is a differentiable function and F'(—2,6) = 5, Fi(—2,6) =
2, .Fg(—Q,G) e P
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Question 7 (6+4+6 pts) Let f(2,y) = 63:'?”(31,‘2 + y2).
a) Find and classify all the critical points of f.
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Question 1 (8 pts) Suppose that r ¢ R and a,, = nr".

sequence {a,} convergent?
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Question 2 (54+5=10 pts) Evaluate the sum of the infinite series
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Question 3 (61 616=18 pts) Determine whether cach series is convergent or diver-

gent
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Question 4 (16 pts) Find the radius R, and the interval I of convergence for the power

o0

. (2¢ + 1)"
series Z ——
3" Vn

n=1
App\\a gxafl'f‘D Teit
o (n om0 2as))
- | @) \PL’ \‘ xe\ Ao [T
llb e A S

Tavs
GY W el LA sy T

w ¢ (~2.L) Anany

-~ Pl . /
e (Qow-r-(" gertel Y CcoNY F‘S'—/\,k L - )
3 _ L4
—L ™ —~

A= %1

61) \-k— \-B(%\l> A TL/ Y X & (- o ..2__3 P LA.VOOS

a&:ue_f\ Power  sertal Ty é:qu-lmbg-

({'\.-1.)1 _\'Q:}_ﬂ = A te) \‘&, X=AL s ¥X=-1 y £ \nen
e S o ‘o Yt (223)
AL p—- c = T
Y= = 2 IR
> A=A Ca
Kz =2 ~N %_ _é:_\i 78 an AH'://IA—‘?.‘/\:J Serief
- A=\ (f; Lﬁb a
ow = A(E s decrealing ) YAD 0 av n—\o-n:

S°/ (o(\\le}‘ﬂad lv? IQH‘crnu?‘-nJ S(f,'tJ T_t/f'

Qo3 <. 2, 1)

2 ) - -





Question 5 (61 6=12 pts)
(a) Compute the Maclaurin series of the indefinite integral /e_”zd:c by using the known

formula for the Maclaurin series of &®.
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(b) Find an approximation to the definite integral f € ¥ dx such that the absolute
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value of the error is less than 107°
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Question 6 (74+7=14 pts)

(a) Find parametric equations for the line which is the intersection of the planes

rt—y+2z2=5%andx—y=1.
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(b) Find the distance from the point (1,2,3) to the line found in part (a).
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Question 7 (10 pts) Suppose that f(z,y) =< z¢?In(1000 — z)
= | 2D )2 00)
Find the domain of f(z,¥), and the set of all points at which f(z,y) is continuous. * !
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Question 8 (6-1313=12 points)

(a) Consider the quadric surface z* -+ 2x —4y° + 2° = 0. Write the equations of the
curves which are intersections of this surface with the planes parallel to xy, y2 and zz
planes and then identify these curves. (e.g. as circle, line, hyperbola, parabola, ellipse,
etc.). Also state the name of the quadric surface and sketch it. Carefully label your axes

in your drawing. \,\X
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(b) Show that the curves r(t) =< 0,f,—2t > where t € R and u(s) =< —2s*,—s?,2s >
where s € R both lie on the surface in part (a).
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L
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(c) Show that the two curves in part (b) intersect at the origin, and find the cosine of
the angle & between them at this intersection point, where 0 < & < /2. (Recall that the
angle between two smooth curves at a point is equal to the angle between their tangent

lines at that point).
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Question 1 (106 pts) Let u(:):, Y, Z) =% f (g, —) where f has continuous partial
r X
derivatives of all orders.

(a) Compute %, and Uy in terms of partial derivatives of f.
- -2
b 53D IREDE~REDER) - -2 h-24

Uy=xT g & ~5H0= &

(b) Compute U, in terms of partial derivatives of f.
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Question 2 (54548 pts)

(a) Find a vector 7 normal to the surface 2 +4y2+ 1022 = 30 at the point P(Z, 2; 1).
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(b) Write an equation of the tangent plane to the surface in part (a) at the point P(2,2,1).
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(c) f(z,y,2) y
point P(2,2,1) in the direction of 7 which is found in part (a).
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Question 3 (15 pts) Use Lagrange Multipliers Method to find the point(s) on the pa-
raboloid 22 = 22 4+ 2y* — 5 which is closest to the origin.
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Question 4 (15 pts) Evaluate the iterated integral / / eseclv) sec(y) dydzx.
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Question 5 (44846 pts) Let R be the region which lies in the first quadrant
({(z,9); =0, y > 0}) between two circles: 2 + 4> = 4 and 2% — 22 + 3> = 0

(a) Ske\%_ch the region R in the zy-plane and express it in terms of polar coordinates
T

1 s
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(b) Write and then evaluate the double integral of f(zr:,y) = Z¥ on R using polar

coordinates. %l . W 2
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(¢) Write the integral in part (b) as an iterated integral or sum of integrals in rectangular
(cartesian) coordinates in dxdy order. (Do not evaluate !)
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Question 6 (8110 pts) Let D be the solid region bounded by sphere xz—l—y2+22 =2
and the paraboloid z = i - y2.

(a) Write the volume of D) as an iterated triple integral in rectangular (cartesian)
coordinates. (Do not evaluate!) x’)_?\a'l_ﬁ}: 2 & ?:Xlk‘aj’
2rez-25 0
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(b) Compute the volume of the solid region D using double integral in polar coordinates.
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Question 1 (9+6=15 pts)

(a) Find the MacLaurin series for tan=*{x) by integrating the MacLaurin series of e
z
Find the largest open interval / on which the function tan(z) is equal to its MacLaurin

series. (Notation: tan~!{x) = arctan(z).)
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(b) Using the MacLaurin series you found in part (a), explicitly find the sum of the series
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Question 2 (15 pts) Find all local maximum, local minimum values and saddle points

of the function f(x,y) = e¥(y* — 2%) .
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Question 3 (54+10=15 pts) Let (p, o, 6’) denote spherical coordinates. Consider the
solid bounded below by the sphere 7 =+ y2 + 22 = 22 and ahove by the cone

5 — B 1P,

(a) Show that the equation of the sphere above in spherical coordinates is p = 2 cos ¢.
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(b) Find the volume of this solid using a triple integral in spherical coordinates. A cadit
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Question 4 (10 pts) Evaluate the double integral // (5174 — y4)€$yd}1 where D is
B
the region in the first quadrant enclosed by the hyperbolas xy = 1, 2y = 3 and
w3 gl ¥ ed O
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Question 5 (547+3=15 pts) Consider the vector field F defined on R? given by

F(x,y) = (2zcosy + ycosx)i + (sinx — z°
g LI

siny)j.
Miv ) N €x3)
(a) Determine whether or not the line integral f F - dr is independent of path on the
&
whole x
sine ™
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(b) Compute the line integral f F.dr where C' is the curve y = /2, 0<2 < 1.
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(c) Compute the line integral

F - dr where C is the ellipse 522 + 2% = 3 oriented
&
in the counter-clockwise direction.

G Sifve § Fodc o tndependn’ of path on al)

< - s \?\:\_ and C 1¢ a c\ayed
cacve (wh\ ot = yeeman\ gt )

2.

%

AV \(\,O-\L

é?oé‘r g O
C





Last Name: . . . .. First Name: . . . . . Student Id: . . . .. Signature: . . .
Question 6 (15 points) By using Green’s theorem, evaluate the line integral

= ﬁex(l — cosy)dxr — e¥(120 — siny)dy
M) N %))
where C is the boundary of the region D = {(z,9)/0 < z < 7,0 < y < sinz} oriented

counterclockwise.
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Question 7 (15 points) Let S be the part of the cone y2 — 12 + 2% bounded by the
planes ¥ = () and iy = 2. Find a parametrization of S and use this parametrization to

compute its surface area.
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Q.1 (10+5= 15 pts) Recall the geometric series (GS) Pl for r| < 1.

(a) Use GS to find the Maclaurin series of the function f(x) =2 ln( + 12%). Find

the interval of convergence of this Maclaurin series.

X P’y X oo (LNON z
L Cixxy = S La - S A = | Z 00 A0 70 A AT
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(b) Use PART (a) to evaluate the limit: lim f(z) 3 *
z—0 T
RN
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Q.2 (5 + 10 = 15 pts)
(a) Let C be the space curve defined by the vector function #(¢) = {(#3,e?,In (1 4 5¢))
for ¢ > —1/5. Find parametric equations of the line £, which ig tangent to curve ¢

at the point (0, 1,0). -
3 e,t, l«\((ﬂ"i)> = 1=9

?({:35 (O‘ilo) = (47, -
so  diceKion veckee o) Hre Kongent Pore % CU(D) W
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(b) Let P : 2z + 3y + 52z = 120 and 81:$1 _ Y 5 :ZS be a plane and

a line in R?, respectively. Find parametric equations of the line #; which has the

properties: ﬁ(z.l.l) L= <23 S>

e {5 passes through the point A(2,1,1) —o- L
o {5 is parallel to plane 7 o =
¢ {5 intersects with line /. /&)
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Q.3 (5 +5 + 10 = 20 pts) Let © be the =olid region in R bounded by the
quadric gurfaces z = \/W and 2= 10— 2% — 0y

(a) Express the VOLUME of ) as an iterated DOUBLE integral in Cartesian coor-
dinates (z,y). Do NOT evaluate the integral.

t
c— 2z X‘l«,:"l.
2=2 ¢
ey =
 2elo-2xbagt
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¥ 2 llfx'l- . 5 fr—{"?‘)dd
( (st T Y
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¥
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(b) Express the VOLUME of 2 as an iterated TRIPLE integral in Cartesian coor-
dinates (z,y, z). Do NOT evaluate the integral.

L (< god:&—tg"
\l = SjS ,g(x:ya\d\f = j 4L C\% c)xa C\ox
o T R e
A

(c) Express the VOLUME of €} ag an iterated TRIPLE integral in Cylindrical co-
ordinates (r, 6, z). Then evaluate the integral.
(r6,2) p |0- 2%

[ §acddcdd =jm 51 [« dz dc db
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Q.4 (3 x 5 = 15 pts) Let C be the plane curve defined by y = %xz — %lnx for
1,e|. Let f{z,y) be a real-valued (scalar) continuous function for z > 0, y € IR,

(a) Express the line integral /f(as,y)ds as a definite integral.
C

_ 3 ‘
Ce—sé(ﬂ= {xey, gy = {4, ot -‘qlf\‘\:> .

15 e raorecmch’l—-c{f"\ for C.
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(£5 (e £- 2o e )
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(b) Express the arclength of curve C as a line integral, and then evaluate it.
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(c) If f(z,y) = (m - 41 ) z>4e¥ | evaluate /f x,y)d
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Q.5 (7 + 8 = 15 pts) Let C be the counterclockwise oriented boundary curve
of the plane region D = {(z,y) e R? : 2® + 14> <1, 2 > 0,y > O}.

“t (a) Use the Green’s theorem to evaluate ¢ (cosz — y?)dz + 2y In(1 + z)dy.
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e L (149
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(b) Let Cy be the part of the ellipze x? + iyz = 1 in the first quadrant oriented
from (1,0) to (0,2). Use the result of PART (a) to evaluate
1';? W = /(cosw — %)z + 2y In{1 + m)da}
Cy
o N (]
<
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Q.6 (4 x 5 = 20 pts) Let F(x,y, z) be a vector field in the space R3 defined by
ﬁ(m,y,z) = 2z +9°>+ zcosz,2zy + &, 1 +ye® +sinz).

Let C be the curve parametrized by 7(t) = (x,y,2) = (t*,1*, t?’/g} for ¢ € [0, 1].

(a) Express /ﬁ ¢ dr as a definite integral but do NOT evaluate it.

C y
?‘L+\~ < ab,uft, 2D
,F\Od? = F((‘(A’\) 'r\c,\.\ d—h | ’/Z]
S jo ClekLBQ.,‘E + (Q‘l: « € )4‘&-\-(\—\-{: €+s\n{)3 L dt

) = S:—XEI‘(‘}“\' ks x 't

(b) Find a potential ®(x,y, z) to show that F(z,y, z) is conservative in 3.
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(¢) Use the potential function ®{x,y, z) to evaluate /ﬁ o dr.
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(d) If ¢y is the curve of intersection of the sphere 2% + y* 4 2 = 9 and the plane

y = 1, evaluate /ﬁodff’, é) =
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Q.1 (8 + 7 = 15 pts) Let w = w(x,y, 2) be the function defined by
w = flu,v) = f(ysin(zz), )
where f ig an arbitrary function with continuous second-order partial derivatives.

a
(a) Find w, = 8_10 and wy = 8_10 in terms of the partial derivatives f, and f, of f.
T

Y
. Vg (X
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*(E x\va\‘ sy
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in terms of the partial derivatives fu, fu, fuu,
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Q.2 (5 +5+ 5 =15 pts) Let f = f(z,y) = 5cos(Fz%y) In(1 + 2%9?).

(a) Find the directional derivative of f at the point £(1,2) in the direction of the
-~ ] —-,3_> S Fhe uadt vecter 3~
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vector ¥ = (1,—3).
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(b) Find the direction(s) in which the directional derivative of f at P(l, 2) ig 4.
Lk Lz4alkd> be o wnik veetsr (= aw} . Then
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(c) Find the direction in which f increases most rapidly at P(1,2). What is the

maximum rate of change in f at P(1,2)7 o\
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Q.3 (5+5+5 = 15 pts) Let = = f(z,y) be the surface S in R? containing the
point P(—2,1,0), which is defined implicitly by the equation

F(z,y,2) = zy* + 36" +sin(z + 2y + 2) — 1 = 0.
(a) Find an equation of the plane tangent to S at P.
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(b) Write down the value of z when (z,y) = (-2,1), i.e, find 2 = f(—2,1). Use

implicit differentiation to find also the partial derivative values z, = f,{—2,1) and
2y = ful—2, 1).
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(c) Use a linear approximation to find z = f(—1.95,0.95) approximately.
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Q.4 (10 + 7 + 3 = 20 pts) Let D be the region in B? lying inside the circle

2?2 4+ 42 = 4 and above the line y = /2. Let f(z,y) be a continuous function on 1.

(a) Express / / flz,y)dA as an iterated integral in Cartesian coordinates in both
T

orders of integration dz dy and dy dwx.

’r\j
L D
M% j:—‘r‘L
£ .
' : ‘\\ 0 -1(,x~5)é/ﬂ 5 ~lhex ¢l ﬁ434\]4—>@7
-']E —‘(‘\_ ‘:'L . —~> X 1

tedey and =G
= 7("‘:‘2_:-)7(:-\”-@

G {aX O
§ g ,SJCX&BAQ - j J ,?CK_S} \é) X
0 -l 1
ol g
T

(b) Express / / flz,y)dA as an iterated integral in Polar coordinates.
D

(c) Express the AREA of D as a double integral in polar coordinates, but do NO™T
evaluate it. jﬁ-/q pl

Ach(.D) = J Jr 1.C Ac ) whece :g_’_:_j_.

T/q L

snd
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Q.5 (6 + 9 = 15 pts) (a) Evaluate the iterated integral //:cg sin{y®) dy dz.

e \/3”1 D:{ou&zx/izl_‘ og_xsijx"ﬁ‘aé'3
p
— =3 | A 3 e nd) dB
3 Y _ selgt)
-7/cra\~a\ J g das = jﬁvg Fe
2 - .
\‘l—/‘)x Jra ©€85C 4 g e
Onet® S
X= 4 A SA_ 5 JIRNNAR-TRLN
0 o6
. . &
A e = L S et L
o) ki
A g € ) = wetetd
e T dw = & -cosul| )
= B3
1 (cosd — L) _ t (L-css i}
L

(b) Using a suitable transformation (or change of variables), evaluate the double

integral ff z?y? dA, where D is the region bounded by the curves zy = 1, zy = 2,

T
y =t and y = 3z

M= XY €L us
V- % ¢ ['\\3] v :')
7\" o\

(A dk.Lo\\P) -_—

X
SS,SLL&.@CH—A‘A = E%Cxtuﬂ 'U(‘“"\) S A

Ry 1 z
—
= j, b\f'
Ay . L o A—— — I sx“
/—\— ) Aok U 21 a,,\L Xl b
3 (v 3D My T
’L
Xy =
Foe = ‘Qs 3 .
- J,mwws £l
5 j oo o = oV |
| ! v ‘

_Ljsﬁck\;— iinml - 3—"—@43/4//4- = ln3
= s ), W





Q.6 (34 12 4+ 5 = 20 pts) Let C be the CLOSED curve in the plane R? defined
implicitly by the equation 52° 4+ 3z%y® + 4% = 9. Let D be the closed and bounded
region with boundary C, i.e., D = {(z,y) € R?: 525 + 3a%y? + % < 0}
Let f(z,y) = x° 4 zy°.
(a) Does f(z,y) have an absolute maximum and absolute minimum on D7 Why?
TeS. Becavie D S B 15 o eloSed (sinw # containe Tt bo-ndry Curve) and Yoeunde ok
Cemian ond ’S T Ny o 0°\‘.|“"’V\-7°‘\ T osndinuos) e vec Qu\\ug_ ,AN QacAteo\e -

en O . Hene Yo the Lecere Vave Tacsrer~ £ Wi abselde MAX wad  alos =k

» =n 0.
(b) Find th'g\a%solute maximum and minimum values of f{z,y) on the curve C. c
We o otked 4o §iod avgelde MNar/min of £xy)  seRter e (D €
LA ex\wee wards 5 Find Met/vn oL ’S’h“@ e AS _\x:s'L we Cen U R
S-'\o%u_’r ) %(_,(_-ﬂ = Sx543X1'aL—r‘a‘—9 = Layceage
0 Mo\t plicsy
Set '<I’§ = AQQ : Sx = S x4« l_—.AQOZf"' c”‘jl) = Aax Mefhed.
%‘a = LAY (..9 (\ ( 61\13 ;("QS) —"\311 3 Eﬂ\\m\‘\h"i in
sxlx g1 & 46-9 ¥ 0 2 calnovas LR, A
4 'L) - A =
_ C_ (Ax( SXT 44 - 4., ( ~ )
(V 55Xt 4y = x ( > (54 ) e
L 1-€dx =©
514y = ;
S SV CHY) L= (A% (= X4 9)
4 Y
Contl = dtck vith A< -
R ‘ 1 IS) 'L:‘vl.‘\"ﬂh (3) 6 X
Nedk 4 () o 2y E R (KA )
L 14-3° = gLat-37) = D
= Q-ij = x?._a *_\ar =) X j fJ of )\15‘6‘1
=z©O
s $(s) ‘
YURY §yTasgtay9=2
&b L 4 ub-9:0
x:‘ ;(.3’) S‘a L* \j o
VA QS‘sa {‘1) (‘j‘ A\) =
U/ T/‘ of \J
et
04 [ /4 e |
R Y S L T R S Y
-1 < ‘(%) 4 (s) 4 /
WA o x_._.,Fj_
Al . MY =% J
Plog. win = = L TU,s07 2 )

,S—(-'\J:f-\):— L

(c) Find the absolute maximum and minimum values of f{z,y) on the region D.

nedl | bondag k¢ B ) - frmen pok AN} {SL\,?\)C? J {g(«l,fr‘):‘ %
- nd el 071 1nside

o okedar OD-MS D& O : st Q&:Fé 1= 4 {%\w . 5"\.3“‘"0’”-)
'g"\ = S"X“ 'Y‘a‘\'\\o ;) (ﬁ:ﬂ -_-(D‘b) r >jYL ‘\\,) c;'.f\cl.'\ “\'
LI CarA T\ T3 3atide 1))
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Q.1 (5+2+5+3 = 15 pts) Consider the series Z ay, Whose n-th partial sum S,
n=1
is given by
2%+ dn +1

Sn:n3+8n2+5n+2~

(a) Does the series Z ap, converge? If it is convergent find its SUM.

n=1

Recsll that 7’_,0,\ 38" Lon Sa

sne Jm S, A 77/(2.4»@ é) _ 9 vehew ia,,,fl

N oo N 0o n=t

( (*Q @‘@3 CCM"‘T?"‘%)

(b) I the sequence {a,} convergent?

b ’\'c(‘mlﬁ\f—l’

Swnee iOxA ©S Conder&d\)( \oa @af‘\i (-0'\ WoRNa O
10A) ¢o ot

W Cen Sa'b JQ,M O = O \J\g_c\u_, ’k‘(\c Scovtl\%

N\ o
(c) Let b, S Is the sequence {b, } convergent?
Qn + R
,Q \Om e - e-3 _ ) Ry Loa ) 3¢ @
— = 7" T2x 2 o
N LA 2L On L~ © 2 CQ(\UC(‘Q;
Seque
Lev L= CH\, ‘\ "o

frn ad a0, $30

G,

(d) Let, again, b,, =

-1 o
- Ig the series Z by, convergent?

2a., =

-R"V\ \Ol\, = A{J :lk (@) , Yea « \o.a, (\'}b .\»c(rv\—]-r-fi‘J i\o,\ s Ji\/ffact\‘t

(\—\%o





.2 (4 x 5 = 20 pts) Determine whether the series are convergent or divergent:
© edfn _ 3/n _ .
(3)2? Let Ou\,% S o Maz 2.
n=1 N
and <UL .-
\0(\ z —]’,,5 O \J‘\ ¢
S T P o N S
e - - ‘S,.r\:-}—t. OJM‘W-FJ

(ad a _ )
She )VM /’\— = A‘ M - : -
Aale YO0 GWalo O ) -
>n —kdl' e dner LwAn Lon & TLhon (o0~ 30) °
&;‘/"—JQ

\O"& ,Q,:N\,.’.‘k (,o;\/\.(\af:
= A g
S }\Ol\: i o .
U \(\,b\’b LOV\
= Zam W @a 0 Haz\. Lo
p —
n) Z, ﬁ\;_-:'u"o

X onl+ -
(b) 120
; (n + 1)!

< _A_. —_ —
SN O & (’w\')\' o)\

CD(\\:J‘VJ\% \0.6_ toa-}c(-} (or Y3 NA"&&I*“*}}

% o\§o C° ‘\V‘rﬁ"‘\-\’

ece$
A":gchq\B( \(\"‘rN\Q(\‘C SeC+< J

O'N)‘ o Nl /’Z /\-— <$
T$ A,‘./Lrsd\lc

n=x\

\0‘6 C,e.v\(\a-rfsm resk \na—e qZOw\

)
X a2n43 2
©) 2 sin{1 + n*) — Z On
o Az

n=0
‘@ 2 4\ \Jas o, -~
(\-"I
P (_5)

og\oﬂ\g%_

74
) Cu\\-’“‘\y“’\ 8comd: )

v TS -8
INne i X (-?\ = S - Sected C <) = % 2 l)
SYN Jc,hl’é i\ O\,\\ \S c,w\uqu@r/

\0'6 COM@“‘:‘»‘ ~ .
anO. \\4."\% LG‘I\ S é..\'qﬁa\\;\-g\»} Ca(\ux\"%d\ .

2 (nf)SQEm —
(d) Z = 0 On 5 onY0 Yas\2. -
=1 "

3
LCXS W e O\,mﬁo -\-"(‘h)

) (S Y9 >,
\ ( . .
A\ _ l,»m ('(\‘k \’ (yf })/(

Lo Sl
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= _L— = .8/22-> ﬁ_

P oAm ax
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> o T v u-zsavb'
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o~ (1)t
57(n? + 3)

Q.3 (10+5 = 15 pts) Let f be the function defined by f(z) = n+1

n=1

(a) What is the largest possible domain of f?
-~ e !
Q.,or&e,s“c ()OSS's\do d.amen G’S’ g) — Al X AeC Whion the secic{ cony ¥
= sovcua\ of cotvergtue Of A Qoure seciet =
o )Scs‘b ot

—

A

——
-

Tac —':cs\‘}f\s 0\360\0'\"- Cbm«‘&,«\% QM‘A <

1.
Jb OM\\ w’___’___ (oL 31
N \ o= C | 5
[\NEZAN
Lox" Loan () (et = J.‘J; x”
— - . ) ==
o = O (\_\q,“.tw\ ‘J\J( ) )}){LLL
AV N QO\:""“ SGV'ZGS XS C\\oso\d§"\"6—> C“\"m3 é' g L

¢ Yoy Ty AR

Q\GAZ w$§ o COQ\'J
C\(\r.g\L end (}b’ﬂ‘(\] p = ¥

eck &V — L
- \ W an ﬁw‘\:‘“ %'
Kz (g =3 Z ("\\ n g(( = {g 2. (= ar+d sered

nzn

7/‘ (b«

X
Ar~ on 6&‘/‘ &' =D o Mefeonr Ty L@ 2 &‘3
A 0O A=t 0 f\}/ vy LA ke o TS deferty
Tha ic—'l\ A~ 1 Co \lv as 1

2@ TN On v dnDO
//__—_— e——
‘o) = 3 4y

e £
(104'3\1

SN
= A\\ (\ \ cd\\hfb -
= C,\\“ D QS'“ G)__: -G 2t /1,3 altecntng fec
A= " = — . el Aloc
NnN=1 §I\ (I\"‘C“
Pne T o 1-G, D
(b) Let g be the function defined by g(z) = f(z*). Write down the power series

expansion of g, and then evaluate ite 42nd derivative at = =0, i.e. find g(42) (0).

oo

—_— A Lox 2 o « N
— v\ — - 0N _
40\ = %(.XS_, 2 N X - 5 9 (0) £
Al g0 () oy (\\'
J
42 = 4o =4 ° Qm') d) et 24
Lo+ L = 20) o eupy
= oz A Lz )gz'l
(1) \0 N
= q (o) D A2 ‘L‘Bﬂﬁ gl 19
- - - _/
il e [ol C:) [0
éub\' s - 50, 03





Q.4 (3 x 5 =15 pts)

1 2
— 8l if 0
Consider the piecewise defined function f{x} = x ) i omg which
0 it m=0

is continuous and infinitely many times differentiable for all x.

oo _1yn
(a) Use the Maclaurin series of sinx = Z ( 2( -I-) 1)'1:2”"'1 to find the Maclaurin
T :
n=0

geries of f(x).
’10 a9 <2
N N = 2 AR
%\f\(;ﬁ) 0= 0 (20eO)\, o 1 o)
0 a\ nNx v € \19
x_’rfo_—z.bgs;"/w.—,z_ﬁ,\lx = 4
X A=90 (;2,(\—\‘\)\

() a yn=l

=0 =D 2 e Xx o x - X4 \
nz © (7-»"""),' y X

= O 5/.?(‘:)

=0

k=

00 n Govr )
A X ¢ K

N=D (26 ),

1
(b) Use the series of f(z) found in Part (a) to evaluate the integral I = / flz)dx
0

as an infinite series, and show that it is convergent.

go¢ L
N Jhtad an , bnx) . 4l
5 ' Wit = _S 2_(=» £ it = i (',‘l/x—- \ M- x i
S 5 D nz> (20)\ nzd @n_‘,zj) (e !
AR NI

\ LWa L 2
L LSRR Dk o
X4 =N g ,g,b/.\&\( = 2 = — ded ook HenE
Nnzo LCIn.e‘L)CU\*'\X \e ey s T

- - - S ‘:\,‘ \(\A"C (n-\
po\u‘-l‘ fered O\\'QM.\ ,k-t‘ ,?C’J'\ (KN J’QAA' ’c})(/ S X '\ ¢ Q

o A= vyt

o.Ak'-f‘
o

TNz L n = )
¢ R BD (e (4 (’I.MO\

(c) Use the series in Part (b) to find an approximate value of the integral I with

an errooré absoluti Viile of which is less tha{; 1\0;‘. J—————-’— >0
T s 2. (4D Oa YN ! (Go+D e |
Nz
or N\
Honce \o"? Hl‘f‘m»‘f'ﬂoa Servey S 8”"’“ r v on 5 ©

N o
“r Nt
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(Z,m-é) (20| \, ’
) \In7 L
I

»

bb*’&n*b;“ ;Lr\,

<
)
v





NAME : SURNAME :

2%y + 3
Q.5 (3 x 5 =15 pts) Let flz,y) =< 8+ 2¢2
0 if (z,¥)=(0,0)

(a) Show that the limit of f(x,y) as (x,y) — (0,0) does NOT exist.

3 L
XLMXL—EW\ X
KX € X

g/ ,el,x.n) _ L\ S,(x ny 3

2
(e L0°) v O x40 X© v 2mX
a\'t"b 37 S ok 0‘4}5) . Ws,x"z. )—
= Ldew .“L——’ij_ = ﬂ,m” 2o
K= Q L =+
d\LOH“)“ o~ (V\- ~h-s
Lony £ docl a= exdX
(D) (2
(b) Calculate f,(0,0) and f,,(0,0), if they exist.
o
]
— S
2.00) = b Flo)—F007 L X -lw0-0
L=o0 _——/b/‘ £40 t 2o —
__L'.}
oy =40 _ L., _att =
0 DX = ’Q‘V\ /S/( % . + 2\«/

(c) Write f,(x,y) as a plecewise defined function like f(z,y).

(X’L’”saq'}(xé*z'a’b — Q\A (,)(,1\\1 Je‘g) TJ,ZY\"‘Q:}L/QO)
(xé = 2)"

%v e L /1 S o)






Q.6 (6+6+6+2 = 20 pts) For ¢t € I}, let ¢; and &3 be two lines given by
Oz y, 2y =(14¢,—2¢, 2+ 3¢t) and fo: {m,y,2) = (2+2¢,2 — 4¢, 3+ 62).
(a) Determine an equation of the plane P, which containg both ¢; and #5.

+ NV, = 7~:\?! \nenvee —G‘/V? = ’e‘//’{b

=

a0
»
NMigd AN

-‘) ch “ (S U(\\ ﬂ\lb O\.&l‘c ? CQ(\%‘. l\)’ta.

{"" e 9‘(’\\0\ Live) -'tt & 12 C e‘ #:'{'/)

\?«..:(-;'J..£>
—>
L. dn +t=z0 > &e(l.“.”)e‘e’) an = < \‘2,.'> [
Z

® = (2.23)edr parael 4o €
=N
(). Y ANe :l\\ ) c-/.lkl '(0 -@ HA-A.:-.. A/‘ \/
x
A_‘o} ‘9 ’P “°(N\-u\ \va‘*l“ 7"\,\ b&, @ "-.5 Pufa-\‘&\» '-lb 0 ¢

(4 L(o
6 %= |° )‘¢%,z-t.>-aw~“+°l_
N le D L5 s KoL a1

? (’(»a‘:,.%\é‘@ ™ L (v-) =2 (3-0) =2 (=W = O

o Vax-9-12 = O

(b) Find the intersection point, say A, of the plane Ps: x4 y — 2z = 2 and the line

3 1
#3 given by the symmetric equations #s : - I — & ; and y = 2.
X = ->t4t |
\064‘0(%&[:(_ e}c\\p‘.‘\f:’f\ 9} /"'b s \é l S

= -1 *L‘E a fg
A € Ry = A vkt 2, ixerd) :

\
Pf("('\\\‘}‘\ e@ —=) X"'\S’ ZSQ} ’b !L % Sinw %s?—- X%-j:%: o
Then «’be%-e,zt-u-rh =72 =2 2t =2 = and 4214 = 2t ;
4r+ § = 7-4“'
=) Q:(L,Z,i\) C‘@L(\'Q'S SN

XL%

(c) Find the point Fy on line #1, which is clogest to the point @ = (1, 1,2).

2 Q) Po AN pont oa «(uﬂ—k\m‘r @ depd ?"
\:“'V (‘ L=l P?Q 1LV & ?;Qo\/\ =
:“::__9,,,;—/”’(’4 e (-t b3 el = O
po(l«t -1¢, Z,-es-f) -t - 2/‘*“6 —9t=0 = -11115 2
= 4 = "/;_
= S _,(_ ?: R
Qo(%”é’ 7’ 7— -3)= (3 9)

(d) Find the digtance between point ¢ and line ¢;.

Feam \()u-’( LC‘-\J d\;\m\ = (—L) *Q 7’3—\7(‘-‘3—' :‘1’:;’_
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1. (6-16=12 pts) Suppose that a,, > 0 for every n > 1. If the series Z a,, is convergent,
n=1

determine whether the following series are convergent or divergent. Explain.

(@) Y €™
n=1

Shee ’%. Qn 15 cowegnt \9‘0 AP decan Yoot -—af\nqman =0
0
N=
\ Qa Linn Qn o
. - e
) - e=\A+o
A po 7

é('.s ¢ onfi oV s
(> qn ~ .
Ty \o\a \(\*b feran Yegt i e 1S &\\jcr:bfn‘t

o\

1"
Since Z QA S c,m\\kr%,_“%j

m
Z_ G 4 CQI\\/4r3:n)< \o~a_ Cou\\oar'.\-v\ —_\-‘J'l'
nN=1

or

/ a/\,\,\'7o f@fM _i%_’ /ezm __L.:_O and iQI\TJCe‘\\/-
N= = an . nN— e n
e Z A oy alie V.

Thes g Lk &P it ~





2. (16 pts) Find the radius of convergence and interval of convergence of the power series

I i
o 32n+1\/ﬁ
AW\J& catia test: (or yov m ~po\y Coof %u(-.---)
(\_H 2,(\‘\‘\ \
L \2x43) 3 T laad) g [ o
| - 0|
N G :);.LMQ*\ \]—{\:\-' | 2143 \" 9 \= Do 4

\Sr \2X -\—3] L 4L = \X-\,‘ 3 v :f)_ = Rm;\\lr o] Convayeile R_‘:j_
A % z
- 2
= 2- ¢ xx 3L >
e N S
) - g L X 2 3 ( WA DOV & Sec.e
i %O\\aSQ\.ﬂb\'& CWJVN\—
on (-6,3) ) 1 Fuergeat
ek end  ponis ! on (-20,-0 O (3,+¢) )
\ io__ no_N 2o n s 2
X=-6 = 2 &xﬂ, P I M IS b O R
. (=t
Nzl r n= \ 6‘\, 3 m’ N2\ "
- >
= J/‘ = )3 df\> o _&ar {\/ )
o 3% ° 3) Goq = A=, & ==%\ =2 G T dectening
T gmer aln
-’ ~ /)—‘ : O
m) mdﬂ = '(Q;_*m <0
Q~a .A'\c\'K l\a)r'\*a, Secied -\-q-l ZL“\A QA S C,ar\uer‘éznAC
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3. (64+6+6=18 pts)

o0

() Is the series ) | =il b or divergent?
a 5 e series 2 3 convergent or divergent/
c~ yn+2n?+1

‘@e'l' Q,\:_u_ﬁ B \VIN ou\>co . Lc;\’ on =—3\'->o
I+ 2 ! 3\
1 ( 2+ } 2
’eﬂm ﬂ.ﬂ-—' = J’”’ ?’X\ n - T:i

/&m ﬁ— = T N= fe J__ pn
Arde  n aare 3t w20l f{"(ﬁwzfzfm‘
< <o - VAN
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S A A

La¥  eXrer Yot 2 G & i\"\ Cenverge S
S on = % ¢ Quergeat usmai sz, and etvee D an Q\\«ramjc

o0
nm"

(b) Is the series Z 2oniT sin 72 convergent or divergent?
n=1
?_ oz’ en )l = i AN
Z?.n-\-\ - )
\ £ Mi- . LaJG‘S use. com Peridn tot to el S =leal 7
o = \'CLA Zm-ﬂ c.bf\uf.r'Q-r\{' (end VNence —i_ar\ Y a\b“,\ﬂt\-a_éﬁf\u;)
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Wt oSo Yasit- 72// :2,(\,) _
NV\L A Yt ,o,fv\ Q‘_‘_“i__i‘— L = Z l"’g‘%\i’l's—‘fr/' 21
(Mo covel o T = oo ( 7 4 n=
n= (o \O n n- . 2 N-v
’Y\(\FS \O o\‘k—u Jﬂ"l' Z\)V\. .‘\.S Co>0NJLT -f\'b .
3 caks o a 5 G S @\m\ﬁ\a CQ(WU,RE.

5T e\ T conuergiat by Compscion et . =
=4 5 4 Z (ﬁ_ e L

(c) Find the sum of the series Z 2 on PN a poy .
fil oo Y = A oD ¥ A
= -z_(—-?"— - =z (Acl)n ¢
A=\ ~ o A3 =0 ) }a':é
_ i(\’ir\" WBne L) Wne= Az, =V
nese on = 2’;
NA Oo
Sn= Qox N-’f C\O'l——\t’-s +\@5~1’§>{3 r oo * (_\:,\Q - \Om-\w‘('&(\ a\om,q,)
2 2 _-2_ =

o a1 »
[ i+ { j,
f= ax\ \ r X v
o xlxlz - 2 l((\— VAL o -k SQ x Anlx\ dy = 1 4(\% fax’,\ dx =1 _z‘ntm) LT e e
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4.(4+648=18 pts) Let f(2) = xsin(a?)

&8 2n+1
(a) Find a power series representation of f(z). (Hint: sinx = nz_%(_l)n(;jn——)—l)*
for all z € R). P a 20+ o a  4ned
S\n (,)(33 = 2 o (fxi = Z— 1) ’X_.
n=D QZM*\) \.. ) Q.:w\)\‘

= sntl
= %C}L\ = X 6«\6(3) = é L"‘\’\_L_ \/ X €& ﬂ
n= 90 @*‘) \-

(b) Find 49 (0).
%6
no A = -
’S_(JL\ _ z Q-{\X = (w_%d\\“\'\f Q’g’ )C ) = d-f\ - T
N=D
4o =40 = A= J
To god cocgpont of X st 60 YL 4D
4o (-1 = T¢°
= N = d T = -1
0= L = (COQ,}&:L&’} 5,)- >< ) 40 73/]_ /30} 90’
(50 l ’ ’
=) (“3 = 40'
13 |

1

(c) Approximate x sin(a:S) dzx with error less than 10™%. Write down yOur approx-

0
imate value, do not simplify. n £ 0o a 6ns
jx< N '\+‘/> n = (=) 1 — X Vx

X Z _
(tedddd = ) (& 7 nze (ane)) (o)

’ -ér.(m ba.-}trm ‘1!\"“6(' F=0

1 s = .9
X=41 = 43 _ oy — 2 () An
[ £edDdt = = (-0 SRS s

I>) n=>

L} Ga) O 79 ) Gn v <§\ {Zi} {\L,‘: On = ©
5 Aan «

> ~ ey Tedl

Hr. Nl z Caly A ¢ =0 ersq\-)r »—6 )4 \‘l‘”!\h‘kv’\t‘s Sefi
;Job e elfoC \oauf\)\ ,S-aCMu\~ 42 € c—f\\/t-t‘gf-r\sc a\\%"fVAS-"\Q &c(“‘?d/ e
Moteev 5 o n - S~ S — e = = \S- S\ < <SR

Ve 3 A sS® Sy

n=0 "

\
Qu = m . S~ Sz 9}4 egof Q,::lS—s,_\{ ['O

K=2
- )\o"" &) Tl

X
L e+.L5Io
T\;T.S", \? \7P> @

(Y an@yin & Go = Gx do=

- b
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5.(6-+6-1+-6=18 pts)

Zl. y=.3
Let K be the line given by =

z 45
= and
2 4 i
x=—-2+1
Lbethelinegivenby y=—-4+3t , teR
z=14—-1¢
(a) Show that K and L intersect by finding their intersection point.
CX\.alkxé K = ><= "lﬂ'ls CXL‘O.%)&K“L => _E___j_ ‘&:SJ 5;2_
= 3-1“!5 -\t 28 = "2—'\‘—1" 1—3 Z‘:_J_e‘ _;_
-5 +75 - -y« ( T 2270
B 3k S = hx _5 F5+i7 19 (9
SER ~s+3¥S = Y-t
Jhirr 1 ()
o\(u\t_'.;} ¢4, s) = (5.2) \sfff G
S=)L =

?‘ S +t =
(x4 2V 5 (3 11,9) ¢ Ave P ey veerect

s> pEXal = P3N

(b) Find the angle # € [0, 7] between K and L

& ~ \?l = (2,43

afe &?\(‘C;“f.bf\ \Icc_‘\ocf °+ \A {, L
L \?1,-7 <\|3,‘|> }

—\_}\ 0 ?‘L = \\G\l\\ l\_\'}q,\\ CM'@

—

Z 24127 = = Vhrbryd s
of [2=) ¢ To, %
9. {¢g. (T cap =0 O=oaccc ‘(ma m%ﬂ

=30 DO
(¢) Find an equation of the plane that contains both K and L

- 2 R
n //(\)1\(\/1,\ N . EL
\j\ XV L= \

e
\

)= (-25,9,2)

Yo

-\ Z- = QO
(X.9.%) € N => (27,9 2> (x—s, W=, Eb

-\3 = ©°O
= —27x +?5 3931 ~ 22 -\

o -2A5X 4+ DA« 273 =42
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6.(6-1616—=18 pts) Consider the function

2+
o, 1) =4 TP if (z,y) # (0,0)

0 if (z,y9) = (0,0)
(a) Is f continuous at the point (0, 0)7

Assuw. ek Lin £ exits ond e,el\,_q{ +e L. Then

FRNETAR .
N ¢
L = L ) = TN £ t) = Dan ﬁC_\‘C’W\%,- -y -0 Ym
(.x..ﬁ—\(o.OS X~ O Ao O 72‘(9.—\—m><)

0\\”‘“ NELRS (= o)
Q)\k* US (.7‘,‘&\-—3 (_Q‘G) o,,\9(\3 !\a as $ %(Y\—aoo) 1
L2 e plo) = A Boo L

A0 ae
2 )

LOeq) T NOT  contin-os st (0,0) .
< Aet cbost (D)
(or s‘;m()\ua_ %.::\b f('u;&.):—---: L = ,P(Q,,q = £ N 4+ b )

(=]

Pty 7y X=0 &y~ °
ccr\\r«&u\ -f\'b, L= Q.

(b) Find f1(0,0) if it exists.

\,\3

N __0O \/\3
. (h.0) —£(2°) D 2t Ay Ao L
Cong del -;Q\:AO& N = \(\-:AQ W e zYW 2
ex({\s .
_ L
~- %A}D'Q\ T L

(c) Find fi(z,y) for (z,y) # (0,0). Do not simplify the result.

LR = (6,0) ond ey € Dom(f), e e,

Y’J‘r éj
g» 2 _ 9 [ 2=
id()(m&a\ - ‘—a—X- %“:Q B ( 2 q’k‘@)

3 X (Lxl*“a’b)' 4x (X *333
( 2R x ‘633L

-
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SHOW YOUR WORK ||| I
- Y . . . . .
1. (12 pts) Let u = x f 573 where f is a function which has continuous partial
- xr= x
du  Ou ou
derivatives. If f(2, 3) =4, fi (2, 3) = 5 and f2(2, ) =6, find — , and — at
bz’ ay dz
the point (z,y, 2) = (1,2,3).
3
_ =2/, . Thn $=450s7)
SN
S A
o s glhyr x| £ s 2 v §u068) 2 ] [
%
- -32
%Cs.’c\ T N NEYS (3%) v §aL88 ( %‘;31
*

(AN =02 = (st = (2,3)

rrenee 1%:\ $(2D+ 4| Hi(2D (- 4) + 503 (-4)3
O e _ L4 ( SCRN 4 CDY= 70
o W o T RS 4 o£084) 31T = x [sest) AT
8'\3 [ \ oo y \Eﬂ\j} -
e T
T = A ’31(“’3 = 5

3 gy =(L2,3)

| i
% Eg\cs'h\ IS x §a0s4) ﬁ' l’ x | falsit) 7@]

. 2
T3 L_)
\
o
Hente
— 2.3
2x Lxegd3) = (L) A
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2. (54+5+5=15 pts)
Let f(x,y) be a function which has continuous partial derivatives. The tangent plane to
the graph of f(z,y) at the point (3, 5) is given by 7x — 5y + 3z = 105. Vftas)

z

Tengent ,7] ane
/ (3,553 6’))

(a) Find V £(3,5)

\”/g(s,s): <§,L(,3.s’) , Sa(,s,s‘)> f

.
Bquatien of the tanget plae fothe socface 254019 /: /A
ok e o= (3,5, %(.3.{)) 1K1 X

22 £(38) + $3(3:8) (X=3) * £P(38) (Q=) s Fven o Fx-§ Y32
Mt Y

. a5 -7
2= 35 §x+>§“a

%:,}CY.a)

:\Q{J

Comparing e coc%'.d'—‘\’\‘ o x 4 ) ol d\otdy
J

L(3s) = "My Y 3 5
fqa) s S Vg - K75, 525

(b) Let €' be the curve on the zy—plane given by F(t) = <3t2, 5t3> ,t > 0.Find a
tangent vector ¢ to ' at the point (3,5) and write a vector equation of the tangent line
to C' at the point (3,5).
— 2 3 —z =
(a4h, s4%) = (385D = 1t=1 ¢ =L = =1
—3

Vs O(R) where ()= Lét, ISP T V= 6,15

~

\eetor ce\'“,\'.ar\ o} Me -‘car\auﬁ o A= C « (39D g
L (3,8 4tV 4

(3,5> ~ 1 46»\S> J t ¢ IR

(¢) Find the directional derivative of f{z,y) at the point (3,5) in the direction of the

vector ¢ found in part (b).

5 - " AN
- . . > s -,“'Ha/\ o \E Y =
\f = (6:“7 = q/.nu'buff- Fae 24 in dir T ! W ) 6aast
- 2L g
%Q ll‘,: — —
<st ’ 24

_9 \as cpr\J(,‘-NJO\JS \’\)cr{‘m—q c}\tr'.u &\-M-CSJ \(\l_r\'-b O,T}:S: (35) = qff(sfs—) ’ a?
z 5
29 (Fw

Henme
Oaf(as) =4 a8 _ 41
w alzy 9™ 379
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3. (6410=16 pts)
(a) Let f(x,y) = 42% — 6y +y® + 2y. Find and classify the critical points of f(z,7).
To pad crbicd powls, sef T = D = 40, 0) a5, S
O = (w-2) (2x-1)
crtieal (J'}‘J are

£z \xt- by = 0| 5 Y= axt & 4xP-éx w2z

S i) = —6x 2L = © =-3XX\= L =9 sllk (L) oad
\ =y PWTE) Ly
< o A e S - - - -
Vo c\effify i et oré LxoN= 2 g%cm)—zJ St D= £

e DR = Sl 24) L 1) — 4_,7;0 gy = AT X - 36

M Oernedte gt (12 TS
ALY = 43-3Ly0 & guum=1y0 —D K2 v

gsmtof £

A+ AN = 24-2640 = 07 OT, (4,4) 3
o galdle povd 3 L.
(b) Given that the extreme values exist, find the absolute maximum and minimum values
of the function f(a:,y, Z) = xyz subject to xY + 2yz + 3xz = 18 and
x>0, y>0, 2> 0.

Aol Mer /min Qo of C oy he exee Voo Pl ;0T o cectieal oty

aC ak s ptv .

' “\a&r {0’(‘6 . SN ,? Vi ,g—h ‘Fs e)L‘U‘\’ e,varasu\\-rb/ ,? \'\’6 ne S‘ﬂﬁv\,r p'}.{.

. . D oTntg .
Qo TV L S e '\W—SHCj-ur_. S- x‘a-\aﬂ-‘a-&'\"&x?s:\%- ~yen

— \erd) 1 2=0, ¥3=\% ae""\“} Ci &y Cn
ci= S a @y ) o ¥ oo Ve e S

N S L I ‘a:: 3V pn=xqr= e
Caz S~ C,*’-};-"@\'mB " r\d:OJ S A

, ~To Q:r\,k cc'\*f\c,\ (o-\\g @,\, ,g on S ) o~pp\-a Le{\re“ﬂg
Froad N\~><[mm "/S %L!.'Q\‘ZB = X‘Q%l 4 ¢ Ban-

Amek to aeeydl = REA
: \o-§c ) % Yon !

B R L2 R ‘

& v z = Lincss €4

s <4 = ATg N et 13:2: _ Cx_\_qﬁ:)-" ) {:l’\ l:n:ma\v\l—f-
¥q = D (235 --3)

AL ¢ ¥ = 3o L)

352~ (BnD 4w Bxgo¥ys 3 AR - A LD 5 o
X (zz-d = 28 (BT -0 = (32~ (X201~
—=D =237 e« ¥X-= 2.2

S a2 = A LLM2ED =D LAL:OAC‘ST*\:A:A'.DC\.

Ean 1 a2tz N (62D — 3% (2— 22)=0 = 2=90 \r\_&—;%‘)
220 = gz = %=z O =D oy DKL By "‘DA- ot =2
o =24 =-.§Q’:\,\R,)= XL = A (¥t 4d) = 2% = Xek 53__:3

Y 3% , X2 2% =D Eqyp ¢4) - "‘0*‘2%—3“'3!%‘\7 = 62"‘-\-’2.32"'«3'7'%‘7\8

22 (XY - (-2,23,7)) MeRwdedwa. - D Rsa =T L
conids gor o MmNt Uowh 4 Radis (2.6.0) Tk >3 4é%3\7'°<1::§f°m—x»wx~mrn.
QoW M 7 £l FI<O = A\ m"-f\J cetvl ok £ 23D =& fodmBY

Muhiddin Uguz
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\§ =0
selwe WY .;a,r}uw o

Cole X % CX:LA) - Ee\ LT Y

Cac WL ¢ C’5=32'3 =)
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4. (14 pts) Sketch the reglon of integration and reverse the order of integration for the

iterated integral / / arctan (x ) dx dy {Do NOT evaluate the integral.)

L= SL SL’ ? arcton (X DA.)LA'} = 55 ot (V) AR e R= Ry b R
PR 2
X:‘Ok'L 4
g=xt = ok () A SS archn () 4
Ry

- 3 X7 balt)d—d

% f | oschn(E ) dgdx * oremaly)dg Sy

IR

5.(14 pts) Using a double integral, calculate the area of the region which lies inside the
circle % + (y — 1)2 — 1 and outside the circle 2% + y2 =5 1,

1 R I ) s ac 5“\9]

L . 'l,\ 1 o) =
K-+ (.‘a 02 \’X _\,01\)-\) = )
&’ (c= Lsme\/—\ = = uNnO

Tenrizdten P*‘s v C=26n ?S Az=25nH = =YL
— > R cs L =2 Q:%__ sr _9: E
L 0 2 SF 6
6
%@L 4 £ € 22608
“4 =
/6
L= sAfL 250 i j“/ X TMQA@
P 4.0 ac = -—
Area(®) = J§ L-dydx - 15% ) w TLT
QT ‘5"'/‘5 AQ < 8'5 /.‘
i E@&“Q -1)48 = L (L-te28)d8 - L |6~ M]T/
"/L ‘/6 4
1 2 z _ -5.-’1 T (3' ) . g
-LV%%%M *31-5-9-8- 53
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VT
6.(15 pts) Evaluate the double integral // ~— ¢ v dA where R is the region on
Y
R

the 2y —plane bounded by the curves y = 24/, y = /2, zy =1, 2y = 3.

> ) _ - P _L/— = —\———F - _\ - _Z
) 2 LU Ty Uy ,f&‘,a_ = 3’2—_5 3w
° - TA TN \V’x. Vg ¥ Jd-
D % X
TS
'9(7‘99)\ A du
@)
SS &L(_x.;ﬂ A\G-d,x — SS 'SL(_X(.'U-M‘),%C% ) ——w/‘vs
Rt A Y ot
3 -1 A = ) Z c \Vau Aﬂ/\:
= Si S ue —ZTAC}\\?-O\ ‘h, : ]W:l
I’L |
- ! ~h o o
- -€™) - 4 _e
S\ %@MALK’ %(. < \‘/L_ZCC
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1
7.(14 pts)Evaluate the triple integral dV where
_— J \/iEQ' +y2 + ZQ'

S={(z,y,2) | Va?+ 12 <2< V322 + 32, 9<2*+y° +2* <16}
that is, & is the region between the cones z = \/I‘Q—I—yz, = \/3352—)—33;2 and

also between the spheres z? + y2 +22=9 : x? + y2 + 22 = 16.

Msma sﬁ)}wrfa/( CO-FJ?/\/«:“J 2, <\>/ O - x*\%Jeé’-, J & §-=

L

z = xka"‘ (=> %_,WT = ==C t_=>5695¢:§6"\’¢
ot s 2 e (6\3‘7/9}
\ U‘;-ul\ll-’
2z m £ 2203 o cof¢= R /Ul% '

TE T

IN N

O 0=z 21

i
%“927
Lo et

Ty 2 §=Y Ty
- (P snd) = 27 ) Zenddo
= 271 Sﬂ'/é ( © §=3 ’ J/T/g
9= /s G _ L G _1
27 (‘% c=(9) = 27 % (2 -%)-77 (% 'G)
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1. (54+5=10 pts) Determine whether the follow inge are convergent or divergent.

Zcos nm) Z -1 ,.l_ ZL-!') An ~$o~(\a\r¥=ﬂ\;\"f\xrer¢( S ‘an'J—>§
_— . Nzt
— (= , (> fn = ﬁ(%_; ‘Jn)j_

cof (NE)= Cft\ ne ) Vv oyl < an KoL -4-3

0%0“_%‘,[—_ !

A P G,_
g \03 A\QJM”Q St Tal, G
s‘(\‘q “§ cQ\\Jlr‘%J\'\
(2n)! =

W Vs 0 Jdndi

nl)=4n

Gl _ (awn) (2e)] C‘Vft /J( %% ant) ¢ 1L Y3L 3a S
-_,/

o Y 4 VJ( un+") T o &cof;‘/*"&
| 4 cONVIAsN
[CPRT \AO-K\M (S v\ (\'_6 fc] =) c!e,u(‘u-lWLs s le ;-Q"-S o O

(b) ap =

s(jwn,u_,
2. (545=10 pts)Let f be a function which has a power series representation centred
at 2 such that f(2) =3, f'(2) =7, f"(2) =0, f(2) = 120. Let g be a function
which is continuous but not differentiable at 2 with 9(2) = 119.
(a) Find the first three non zero terms of the Taylor %erleq of f(z) centred at 2.
\%\or Sesid 0,} ,g Q_-r\,*v..rc.\ o r 'Z g (7-'.) (X~ 7,3 ,S:(_q,).\—,g l.'b)(i—'b) _t.,‘é’(‘l_,)_(i'l) t--
=Q o\
Brid 3 asbe dnmng 3,‘, A Qeoguer Scs“q < _
34 Fx-2)+ W& ﬂ
2\

- fle)-3-T(x—-2) S
(b) Evaluate lim 5 (Note that you cannot use L’Hospital’s rule

"B (2 -2 g(a)
since g(z) is not differentiable at 2). 3 A

A \w‘ order M _
Y = B 4 F-Y) £ 200~ Y i L) ﬁmcwx,ﬂ Q%é?’m)cx—zg 2
L £ “3-FVY _ L 2007 04 - D )+ N
R moT T =
X~ 1 O(__L)L, %(}\ AL (x- 'L 3‘-‘*\ X221 3(.1‘)
= dm 20.0 % - 0O
X~ wa
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3. (5+5=10 pts)
(a) Find the angle of intersection of the surfaces 2 = 22 + yQ and 8x + 6y — 2 =5
at the point (4: 1, 33).(The angle between two surfaces at a point is the angle between
(Fu2)=9) . arC
o) deeradidd ook

their tangent planes at that point)

— c v c o, 1 LL
= ’ - = L *Y) - 2
The §v %“‘" = Z}LL-EQ Y le\"\' N ,S'H'- S s ) \’Q‘.“&."B\ ‘0

F’Lx.-;.%) Woi exatinved @

\neove A.(,H"f'-d:n\a\&.-
s (4,123 7 =l s Ae scfae F2 O oF REOR

e V6,25

\7?(#,'{3.%§= <4x\9'\a.l’ﬂ> '-‘J (\\-— J ) é % N\A Vé’886‘1>

- - V]

Simbdg 83X+ € -2 =S W devol setpric o) GORAT 3% ¥ 63

T R, s L340
—(—\T\—(‘\\L = ‘.\R\\\ \Rm\\ c2i8 R

7 — Y2 70D
6.3 ~ '),.6-&-(-\3(‘\) =&, =\lb NRTENG hs-\'él-r(l) (=

D = arcess <_%
{ze Aol

(b) Find a parametrization of the curve of intersection of the surfaces z = 222 + y? and

f&+gy\:f:\~«5- Cofuw o&\n\mn’nm . (46 C & 2= 24 *“GL ond 3= 3% ¢y

o< o 3V - 3=
2 xbg s B¥R(YE =D 20X~y « g - (9 == = 2( & 1) + (4 J

=y 2N > (Y- = VI o )t o _(j:z,\l;ﬁ_ <4 on e\liple
PP LIV LS 6 VL Thu AN
Lk X =z 2% Gm%@ 2= BXtby - S n \\mcm;ia\o;\e.—. =
’3: 2+ 20 s :3(7,«(5_@09)‘\'6é3+”6"“ g\r - § .

66E012’¢] fon t,}, C
brVMf w Q%Q C,,e .\—\‘)'(:2 & ne)

4. (44+3= 10 pts) B c e Y= (2% (Gend, 31Gsnd, 23 e 17%)
A differentiable function z(z,y) is defined implicitly by 2z + z + y + €* = 3. ’
(a) Find the direction in which z(x,y) decreases most rapidly at the point (z,y) = (1,1)
when z = 0.
> -4
3 (2Bext €)= 23 v L+ HE =0 = k=
S (e e &) = 239 $EEROC > 297 " ek
= 3
(=) = 2Zxlxlx & =5 J y =-1k
_ =3 = - 27" Lee

A TN = {Bxl), Fptla)) = 3 < 1,4 Lo
2 duwcon e mmt cepdly ta Asrection s} Preveddm —NFON =
rekon tneh 2 dwrses fre tort coglly v S22 - 20D
’-\lﬂ —w- A.ITCL. ARG A A \\ﬁ(\‘p\ Q

(b) Are there points where the largest rate of change is greater than V2 7 Explain.
Tulr) = {2, B4 = £ Ol ;_Jf—&,;
AT Bl = Max ceke of e,\r\,ut\gc_ O FAY) o o4
i . & o - MO s govele
- . = — = AT WU &
\ e >l pfg%§= 2 T a 0 Trege A wn
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5.(3+12=15 pts) Let f(z,y) = 823y — 3z — y? and let D be the region in the first
quadrant given by [ = {(m, Y) 2 <y<z,r> O} .

(a) Sketch the region D and explain why f(z,y) has absolute maximum and minimum

values onﬁD:.’(& ‘3:‘6? Q s c\lefd o \ODJ\M/ £ Y co oYaver oa . N

\a L/‘ ----- M\‘% Lx-\(<m‘ \J‘M mbrw\l ’9 \(\..J o\ Q\% b\,-f!'(_ \{V\’A’X d'(\}\
= 0 Q\(u\d‘\t A \IC\\NL an Q .
;Y
(b) Find the absolute extreme values of f(z,y) on D. S’\N‘u\ur‘ o9} 8_ “aride O

Titeeme. Vel (0o ot by pock (o) con e 00 8f B0 AL Tt L acpred o

W se 0o Wy 03
C,r'.kc'«\ @*—S : q& :8 = (Q.D> = <’g¥h"—§) =»§a£¢.'\\)> 8 Cr‘?{.’CCh\. ?\'5 sa, + ’;N’.-e_/.g
wwm

fxz 243207 =3 287 Ve L Qendeq e¥ ot D

fg- BC-27970 M2 N oL Sy Lgeiny o L

Tt Ave sy @Rt BN 1N s ke ©.
EEA

By © N0z Councy Wz Cav (%, X2) ! xe tond
Cp. (A (G @ XE€ 1o\ )

N Co . clas £ e B sk —xt = Fxtox =gen 1 xelai)

———

\y
bt by of 91 9 = 4LaT -3 =9 -—:ax:(f;

56V FIE, &) == (W)
e enh oty QL) = M ) %u,\ =<,g-c\‘\3 = 4]

on Cp. 3 _ 3;11’%( Z\en) x& To ) 5
s -~ wz [V
W= b2 KLy =0 =x=(3)

FUAY = O, G) = A K -Ba-R =
Vi O i \n_v\\acr?\b\p‘\.w;,\‘ (_Q'D
AN M 1
M) +(5 (@ @) = 22 (577

y citial o U
~ ek ol) Me) = £(02) ;E ,\\u\ = SN = Y \

The e&\\«\a C,cr(\r.\SAs-Jf'—-l £=r N g MAX ol aod . mn o} £ = )
are N etad inAme boxel Qweve - T

Pos. MAX = 4= £CLL) ond . ”
AWMg. an = -,s_‘_(_.l—"r:,} (Y, (&) >
p)
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6.(6+5+4=15 pts) Let F be the vector field given by

ﬁ(ifa Yy, 2) = ('y2 C(')S(S'Sy2) + y22 . 2y (:os(;cyQ) + x2? + ze¥? . 2xyz + ye¥t + 22>

(: (y? cos(zy?) + y22) i + (2zycos(zy?) + x2° + 2e¥%) § + (2zyz + ye¥* + 22) I_.:)

(a) Show that F is conservative on R?

_ 3
(3 n congscvedVe on R &2

$SQ,£- & ‘gx = %'L e (’*‘3\‘) *3%1— 4P
,3-.,6 = 2hsy € (xyF) =% P2 €

fu = 2xqy ¢ g & 2

z = X 1_3-<x\95"+ Ly B

. ([yreeteg) 43 )% = SN 1Y g3 CoYD
= Woeml (XY * ‘a-%L = '?C*-W\*\‘SQC = ®ad =%~at=0(xn3** ~

&* \Q \o \6‘% Q%‘a 1 3:: Z*ncjlt)l-b:\_)‘\‘i‘lx*l c‘aq

3t ) 4% ) .

D exydy e =
2;% ‘(2 =

Iy Ty x QY

E: Q-,S- o~ ﬁg ( —§ % ib-\'-w?ﬁ-\ ,f-/\u"ﬂ s\)

\
12 = DRIZZE

= gy = S gt
i =p@\=2+E

¥ &
g ye FU©

_—:.3 ’S% - L_’Milﬂ‘)'
. X -
v - e Ty s X '9—*@:&-\—%1-\—5 (;‘Dq%“bD
%C’L‘\Q‘%\ - GA(Kﬁ 3 -a ; = i\ C"\J'\"\‘}' E.
N a kau\,\h\’ &,\M-{‘p(\ ,§9r Ne N —f\c\ ?/ pda 3}
- -P. W & C=agel vALL A= ,S—'L\A on R
(b) Let C be the curve of intersection of the cone 22 = 4z° + 9y2 and the plane
2z =14 x4 2y. D is defined as the part of the curve C' that lies in the first octant
(x >0,y > 0,z > 0) from the point (1,0,2) to (0,1,3). Calculate F. dr.
ot b e

S P\ W oemagerustv g oad ’F”’ =Sf g Pert (0) — e

( B.a0 = § Qged? = Slor— g8 = £lon3) - 4G

0 ®) Al el 3D (e)

Qognd o ow v T (D)
1 Q
- (&“(QX—\-: O« €« 3-\:5) —(N\B—\- N ) -le‘rE)
= 63 ‘\-Z‘f

(c) Let E be the curve given by the intersection of 22 + y*> = 1 and 2 = 120.Calculate

F - dr. 8 s o encele ) ond. Yaive o laed c,q've);

Ciodelpt of B acd T\ 2T o=

A< Jc..:»-c_,}
i)
NV TN 6\9543. o O c>!\‘§'¢(‘du)(\\lil \.Jg,\m\,c

\B.ar 2 O
E
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7.(5+5+5=15 pts) Let R be the solid in the first octant (z > 0,y > 0,z > 0) which
Express the triple integral

lies inside 2% + y? 4+ 22 = 12and above z = 2% + y> .

/// f(z,y,2) dV as a (sum of) iterated integral(s).
R

(a) in cartesian coordinates
o T
)(:\-!‘al‘f't c\L ond =X +3 Crve

= 2:.(-21"; \L % C%'t‘(-l) C%JJD =
= 2=73 an C

T @
SSS ,?mt,—é\%\ J\J = S
00
(b) in cylindrical coordinates 04DL R
// 0 G _S ctezx & Q\'L"f:z'
'/, 0 & &3 -
\
Q

2 = oftay 2 =C" - 5 5
a2 = 2=R2-C & 7O D TS

1
Layg 12 =\L & e
G @

r!

—Tw§ zl
3 SSS Pl AE) A = 5 v 5 j $ (r @8, 58,2 € dz2 A 4O
8 | o 5
(c) in spherical coordinates
S50 = 0<£Bex)

For Dy B e B elh
Kl{__ai_r_}'L:\,L = SZ:\Z _:o\?=2,€

1 ’L\f L'¢:_B?;C°’”;

2=xl4glsd pewb= = VN 3

Twsg |y A4 3 2
- (5o, pontyed, $03) {5 D
ng peg AV g l }0% Y it 4 48
at) ) @
© 5(4@5}5‘@

+) ] J‘(‘“m

S L o

0 geadwd
( gongend, g, Jdp Ap AP

On
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8.(15 pts) Compute the line integral

f (:1:3 sinvx?+4 — :1:6“23;) dx + ((:os (v* +y) — 4yex+2y) dy
C
on the curve C which is the boundary of the parallelogram with vertices
(2, (]), (U, 1), (—2, U), ([], —1) with counter-clockwise orientation.
A :_F-,(u‘lﬁ-} - L ? CX.\Q , Q(X\-‘ai} \../WG,

KU
oo = XS i — x &
x-ar’c}

Qo= e~ () - 4 &
P Q Q, W ove € ones O Qa—r‘\Tw( ALC'\V‘kUCJ ofN DJ
c =20 e, Courcrr e\l & ez d  Yordry
O. Morewver C 9 c\aed and Wice e

Ve ok

SmodDiW cutve.
Hente, Grees A g

é Qo IX x QU Oy = SS [FTEN —9%0%\1 oA

C=30 Q
x4L ¥
= SSE“["S@ -3»'- (/xex*-? %)1 3
O
X<V L_'J— U= X'Z‘g
- Sj 2 (-2 € Ardy V= X*19
© SANT)
wt A Wb X)) - - . :')5/
) jo”‘ ot TR 1
\ / ,UVT‘ s U \f‘
l. - Hij\l"w x«'b"ﬁ _ ')_’U\_e _L d\&é\\?’
/‘V__{K/,L_ \r=-v Sg W DA é\/.c}fa = Sj 4
| I\ Owe
* 2 u=ytL L'A O
L L N ) U.L N A = v -
= % % 9 W-& —é—c&w&\f“a 5 76 \ L/
v -V - U=-2
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